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ON THE LAPLACE TRANSFORM OF THE GERBER-SHIU FUNCTION
IN A SPARRE ANDERSEN RISK MODEL WITH CONSTANT INTEREST RATE

A Sparre Andersen insurance risk model with Erlang(n)-distributed interclaim times and a constant interest force
is investigated. A n-th order differential equation for the Laplace transform of the Gerber-Shiu function is derived.
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1. Introduction. The study of the expected discounted penalty function has considerable interest
in the risk theory. The expected discounted penalty function has been defined by Gerber and Shiu [1]
in the classical Poisson risk. The penalty function had been investigated widely in the classical
Poisson risk model, Sparre Andersen risk model with Erlang(2) and Erlang(n)-distributed interclaim
times (see, for example, [2-7]).

The importance of discussing the ruin problem by taking into account interest factor appears
from that a large portion of the surplus of the insurance company comes from investment income,
and interest factor must affect the management of the company. Gaogin et al. [6] investigated the
expected discounted penalty function of a Sparre Andersen risk model with Erlang(2)-distributed
interclaim times and a constant interest rate and obtained an integro-differential equation of the
expected value and using this equation they also obtained a n-th order differential equation for the
Laplace transform of the Gerber-Shiu function. In study Bayramov et al. [7] an integro-differential
equation for the Gerber-Shiu function in a Sparre Andersen risk model with Erlang(n)-distributed
interclaim times and a constant interest rate was constructed. In this paper, we consider the expected
discounted penalty function of a Sparre Andersen risk model with Erlang(n)-distributed interclaim
times and a constant interest rate, too, and a n-th order differential equation for the Laplace transform
of the expected value is obtained using an integro-differential equation for the Gerber-Shiu function
derived in [7].

2. The model. Consider the insurance risk process

t N(t)
Us(t) = ue’t + CJ e8t=qy — Z Xl-e‘g(t_z;ﬂTf),
0 i=1
where u = Ug(0) = 0 is the initial capital of the insurance company, ¢ > 0 is the premium rate, § is
the constant interest force, {X;},i = 1 denotes the sequence of independent and identically distributed

(i.i.d.) non-negative successive claims, and N(t),t > 0 denotes the number of claims up to time t,
which is a counting process independent of {X;},i > 1.
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Figure 1. A trajectory of the process Ug(t)
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If N(t) is a renewal process, that is, the times T;,i > 1, elapsed between successive claims are
i.i.d., and there is no interest, that is, 6 = 0, the model above is the renewal risk model, which

introduced by Sparre Andersen (see, for exapmle, Asmussen [8] and Aliyev [9]):
N(t)

U(t) =u+ct—2Xi.
i=1
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Figure 2. A trajectory of the process U(t)

In this paper, we consider a Sparre Andersen risk model with Erlang(n)-distributed interclaim
times and a constant interest rate, where T; has an Erlang(n) probability density function (p.d.f.) y,,(t)

with scale parameter 8 > 0:
n

— n-1,—-pt
Vn(t)—(n_l)!t e ‘8,

Now define the time of ruin by Ts = inf {t: Us(t) < 0},and Ts = oo if Us(t) = 0 forall t >
0. Then the ruin probability is defined as W,.s(u) = P{Ts < o|Us(0) = u}. Let Us(Ts) and
|Us(Ts)| denote the surplus immediately prior to ruin and deficit at ruin when ruin occurs,
respectively. We consider the expected discounted penalty function of the surplus immediately prior
to ruin and the deficit at ruin when ruin occurs as a function of the initial surplus u, namely

D50 = E{e ™ Tow(Us(T5), 1Us(Ts) Dlr<o0)|Us(0) = u}, (2.1)

where a > 0, I; is the indicator function of a set B, and w(x4, x,), 0 < x;, x, < o, is a non-negative
function. Many properties of the surplus process may be obtained from this general function. In the
case of a = 0, choosing different forms of the function w(x;, x,), we obtain different information
relating to the deficit at ruin and the surplus prior to ruin. For example, ®,,.5 , (u) will represent the
v-order moment of the deficit at ruin (or the surplus prior to ruin) if we specially choose w (x4, x,) =
x; (or x7), represent their joint cumulative distribution function (c.d.f.) if w(x;,x2) = Iy, <xx,<y)s
represent c.d.f. of the deficit at ruin if w(x;, x,) = I(y,<x) and so on. When w(xy,x;) = 1, ®p.54 (1)
reduces to W,,.s(u).

Throughout this paper we suppose that the claim sizes, X;, i = 1, are i.i.d. with a common c.d.f.
F supported on [0, =), a finite mean u, and p.d.f. f(x). It is always assumed that the safety loading
condition

t>0.

_CE{T}—p _cn/B—u S
T T

0 (2.2)
holds.
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3. Main results. Using the renewal property of the surplus process, an integro-differential
equation satisfied by the expected discounted penalty function ®,,.s ,(u) was derived in [7]. The
main idea is based on the fact that a delayed renewal process is considered, that is, the time T}, elapsed
before the first claim, has an Erlang(k) (k <n) p.d.f. with scale parameter g > 0, and the
interoccurrence times T;, i > 1, after the first claim, have the same p.d.f. Erlang(n) with the same
scale parameter 8, and are independent of each other. If the first claim has occurred at time 0 and the
ruin has not occurred, the risk model is also a Sparre Andersen risk model with Erlang(n)-distributed
interclaim times and a constant interest rate.

We denote by ¢y.5 4, k < n, the penalty function corresponding to the delayed renewal risk
model, where the case of k = n is just ®,,.5 o, (U): P50 = Prs.a(W).

In [7] the following theorem about an integro-differential equation for the Gerber-Shiu function
in a Sparre Andersen risk model with Erlang(n)-distributed interclaim times and a constant interest
rate was proved.

Theorem 3.1. Consider a Sparre Andersen risk model with Erlang(n)-distributed interclaim
times and a constant interest rate and the relative safety loading condition (2.2) holds. If

j j w(xq, %) f (21 + x5)dxy dx, < 0,

then @,,.5 o (u) satisfies the followmg integro- dlfferentlal equation:

gr f s, — 0 f (X)dx + B f o, x — w)f (x)dx =

= [(a+p) - (6u+ C)D]”Cbn 8,a (W), (3.1)
where I and D denote the identity operator and differentiation operator, respectively, and

[(@ + ) = (6u+ )D]" P50 (w) =

n

m l
= ) @+ HTD™ ) RO T ol (),
=0 r=0

m=0

vVi=whtt+vltl, 2<l<m-1, mz=3,
d
l
(I)r(u)&a(u) = chn;&a (u), =1, cDr(LO()Sa(u) =Dpsa (w).
There was also obtained the following recurrent relation during the proof of the Theorem 3.1:

(6u+ )Pis50W = —BPr-1,62W) + (@ + PPisa(W), 2<k<n  (32)

Note that, if we take @ =0 and w(xy,x;) =1, ®,.5,(u) reduces to the ruin probability
W,,.s(u). Therefore, from Theorem 3.1 can be obtained the following

Corollory 3.1. Let the conditions of Theorem 3.1 be satisfied. Additionally, let « = 0 and
w(x1,x,) = 1. Then the probability W,,.s(u) satisfies the following integro-differential equation:
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g f W, 5w — ) f(Odx + BFW) = [BI — (8u + D™ 5(w).
0

Using the integro-differential equation (3.1), we can obtain a n-th order differential equation
satisfied by Laplace transform of &,,.5 ,(u). Now define Laplace transform of a function h(u) by

AMhW)}(s) = h(s) = f e S“h(u)du.
0
The main result of present study can be formulated in the following form.

Theorem 3.2. Consider a Sparre Andersen risk model with Erlang(n)-distributed interclaim
times and a constant interest rate and the relative safety loading condition (2.2) holds. If w(xy, x;) is
bounded, then ®,,.5 ., (s) satisfies the following n-th order differential equation:

n n-—1
D B, (Kni() = B IBrpa(s) = ) 00, (0)0i() +F"B(),  (33)
i=0 i=0

where s > 0 and

dt . d
@1(11)60:(5) = _CDruSa(S) P21, ¢£loga(s) = Dpi5a(s)

l
CD7(11)601(0) = n8a(u) , i=1, cD;O()Sa(O) = q)n;(S,a(O):

n u=0 m
Ki(s) = 2 o' (a + ﬁ)"‘m(—1)mz V,}lam-lZ(—1)rc{c;A;—i5rcz—rSz_r+i’
m=i 1=i =i
0<i<n,
n 1-1-i
Qn,i(s) = Z Cla+p) ™1™ z yLem-t Z( 1)7Cr A}, 87l Tt
m=i+1 l=i+1

w(s) = Aogw(U)}(S),
w(u) = f w(u,x —u)f(x)dx.

u
Proof. Since w(x4, x,) is bounded, that is there exists a constant M > 0 such that w(xy,x,) <
M. Then ¢y.5.(w) < M for all u > 0 and for every k < n, which implies that ¢..5 o (w) < oo for all
s > 0 and for every k < n. Itis clear that forevery k <n

0 < lim ¢y.54(w) <M lim Py.5(u),
u—>00 u—>0o

where the last inequality is implied by the relative safety loading condition. Thus for every k < n
111_)1’120 ¢k;6,a(u) =0.

Furthermore, it follows recursively from (3.2) that for 1 = 1,2, ...,n
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lim o (w) =0.
u—>00

n;s,a

So, Laplace transform of a function u" ®

Mur ol ,w]s) =

naa(u), r <1 <mn, exists and

l-1-r
= (-1 [ZC AT sl T+lq>§[)5a(s)— Z AT sim1is Tcpfﬁaam) . (3.4)

It is clear that the conditions of Theorem 3.1 hold So (2.1) satisfies (3.1). Taking Laplace
transform on both sides of equation (3.1), and taking into consideration (3.4), then changing order of
summations yields us to (3.3).

This completes the proof of Theorem 3.2.

Remark 3.1. Taking a = 0 and w(x;,x,) = 1 in (3.1) we can obtain the differential equation
for the Laplace transform of the ruin probability W,,.s(u), denoted by ®,,.5(s).

Remark 3.2. Taking n = 2, from (3.1) we can obtain the result in Gaoqin, et al [6].

4. Conclusion. In this paper the expected discounted penalty function of a Sparre Andersen risk
model with Erlang(n)-distributed interclaim times and a constant interest rate is investigated and a n-
th order differential equation which the Laplace transform of the Gerber-Shiu function satisfies is
derived. For this an integro-differential equation for the Gerber-Shiu function is used. Finally, it is
shown that how we can obtain previously known results in the literature.
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UOT 518.2
V.9. Bayramov

Sabit faiz daracali Sparre Andersen risk modelinds Gerber-Shiu funksiyasinin Laplas ¢evirmasi haqgqinda

Ardicil sigorta hadisalori arasindaki zamani Erlang(n) qanunu il> paylanan sabit faiz daracali Sparre Andersen
sigorta riski modeli aragdirilnig, Gerber-Shiu funksiyasimin Laplas ¢evirmasi ticiin diferensial tonlik qurulmusdur.
Acar sozlar: Gerber-Shiu funksiyasi, Sparre Andersen risk modeli, Erlanq(n) risk prosesi, Laplas ¢evirmasi, faiz
doracasi, integro-diferensial tonlik, n tortibli diferensial tonlik
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YK 518.2
B.A. Baiipamos
O npeodpazoBanuu Jlaniaaca pynkuuu I'epoep-1Ibio B mogenu pucka Cnappe AHaepceHa ¢ MOCTOAHHOI

NMPOLIEHTHOH CTaBKOi

Hccnedosana mooenv cmpaxosanus pucka Chappe Andepcena co 6pemenem Medxcoy mpebosanuil
pacnpedenennvimu no 3axkony Opranea(n) u ¢ nocmoauHou npoyenmuotll cmaskoi. Ilocmpoeno oughgepenyuanvroe
ypasuenue 015 npeoodpaszoeanus Jlannaca @ynxyuu I'epbep-LLvio.

KuaroueBbie cioBa: yukius [epoep-1lIsto, Mmomens pucka Crappe AHmepceHa, Monenb pucka Dpimanra(n),

mpeobpa3oBanue Jlammaca, TpOIEHTHAs CTaBKa, WHTETpo-aAndepeHaIbHoe ypaBHeHHe, anddepeHnaIsHoe
ypaBHEHHE N-TO MOPSIKa

Baku State University Presented 04.05.2018

58



