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1. Introduction 
 

It is known that noisy signals received from sensors in systems of monitoring, control, 

management, diagnostics, etc. are random processes. To date, methods are known for determining 

the estimates of mathematical expectation, variance and correlation function of an ergodic random 

process [1, 2]. In addition, for an ergodic random process, probability density estimates are obtained. 

To this end, the method of the relative residence time of the implementation of the signal above a 

given level and the method of discrete samples are used. The obtained measurement results are 

graphically presented in the form of a histogram [1, 2].  

In systems of monitoring, control, management, diagnostics, etc., these methods allow 

estimating the probability density of a signal coming from a sensor installed in the most informative 

points of the object under investigation. At the same time, it was shown in [3–13] that at the early 

stage of the appearance of various faults of equipment, devices, structures, engine, mechanism, motor, 

etc., as a result of, for instance, wear, corrosion, cracks, breakages, etc., the additive noise  t  is 

superimposed on the useful signal  tX :  tG =  tX +  t . In this case, using the existing methods 

for analyzing measurement information, one can estimate the mathematical expectation, variance, 
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correlation function, probability density of the noisy signal  tG .  

It was noted in [14-17] that for oil and gas production facilities, deep-sea offshore platforms, 

drilling rigs, etc., detecting the early stage of fault formation and determining the dynamics of its 

development requires calculating the above characteristics for the noise  t  of the noisy signal  tG

. However, the characteristics of the noise  t  are not directly measurable, since the samples of the 

noise cannot be extracted from the samples of the noisy signal  tG . Considering that only the 

parameters of the noisy signal  tG  can be measured, methods were developed in [3–13] for 

calculating estimates of the noise characteristics using realizations of  tG . 

For instance, in [3], algorithms are proposed for determining the robust estimates of the 

correlation functions of random noisy signals as a result of calculating the estimates of the noise 

characteristics and eliminating their effects on the estimates of the useful signal. In [4], algorithms 

are proposed for determining the estimates of the spectral characteristics of the noise of noisy signals 

and technologies for replacing the samples of the noise that are not measurable with their approximate 

equivalent values. In [5-13], algorithms are proposed for calculating the estimates of the distribution 

density of the noise of noisy signals.  

In this paper, we propose algorithms and technologies for determining the confidence interval 

of the estimates of the distribution density of the noise  t  in the general population and by a sample 

of the noisy signal  tG , also demonstrating the possibility of using these algorithms to identify a 

fault and the dynamics of its development at an early stage of initiation in specific technical objects. 

 

2. Problem statement 

 

Let us analyze a noisy digital signal  tG  consisting of the useful signal  tX  and the additive 

noise  t :  tG =  tX +  t , which comes from a sensor located in the coverage area of factors 

affecting the object. In this case, the appearance of the noise  t  is due to the presence of a technical 

fault, defects, malfunctions. The signals  tX ,  t ,  tG  are random stationary ergodic processes, 

and the noise  t  is impossible to extract from  tG .  For the noisy signal  tG , we can determine 

the estimates of the mathematical expectation Gm , the variance GD , the mean square deviation G , 

the correlation function )(GGR  [18, 19]: 
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where t  is the sampling interval,  =0, t , t2 , … is the time shift. 

In this case, the useful signal  tX  reflects the current state of the process under investigation. 

A priori it is known that in the system of monitoring, control, diagnostics, forecasting, management, 

identification, etc. the noise emerged as a result of, for instance, wear, corrosion, cracks, breakdowns, 

damage, failure of units, engines, mechanisms, destruction of building structures, etc., has the normal 

distribution ),;(   mN  and zero mean 0m  in the general population [14-17]. In addition, at the 

time of the defect initiation, the correlation time of the noise  t  is much shorter than the correlation 

time of the useful signal  tX . 
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Since the stationary random noise  t  is ergodic, its mathematical expectation 
m  and the 

mean square deviation 
  have the same value for any of the random signals in the population. 

Therefore, we represent the density function of the normal distribution of the noise 

    NmN ,;  as follows: 
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From formula (2), it is obvious that by the type and dynamics of changes in the estimates of the 

distribution density  N  of the noise  t , we can assess the changes in the technical condition of 

the object under investigation. This is due to the fact that different values of the mean square deviation 

of the noise correspond to different degrees of malfunction. Besides, despite the fact that in the general 

population the noise has zero mean 0m , in the sample this value fluctuates within a certain 

confidence interval depending on the nature and degree of development of the malfunction. 

Therefore, different types of the  N  curve with different maximum values and the coordinates of 

the inflection points will correspond to different degrees of malfunction. This property of the noise 

distribution curve allows us to use it to assess the technical condition of an object 

For this reason, in the following paragraphs, we propose algorithms for determining the 

confidence interval for the mathematical expectation and the estimates of the distribution density 

 N  of the noise  t  in the general population and by a sample of the noisy signal )(tG . 

 

3. Algorithms for determining the confidence interval. 

 

3.1. Algorithms for determining the lower limit of the confidence interval. 

It is known that the normal distribution  N  of the noise  t  of the noisy signal  tG  is 

characterized by two parameters: the mathematical expectation m  and the mean square deviation 

  D . Since in the general population the noise  t  is distributed according to the normal law 

with the zero mean 0m , the problem comes down to determining only the estimate of the 

parameter  . For this purpose, we first calculate the variance D  of the noise. We shall use 

expression (1): 
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Considering that the signal  tX  and the noise  t  are not correlated, i.e.  
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we can write the following [3-13]: 

 GGR =  XXR +  R ,     (3) 

where       
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 is the correlation function of  tX ,  

 R =     
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  is the correlation function of the noise  t . 

In practice, in such low-frequency slow-flowing technological processes as oil refining, 
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petrochemistry, when t  is much smaller than the observation time T , the noise  t  forms 

from high-frequency spectra as a result of such malfunctions as wear, corrosion, carbon deposition, 

etc. and has a higher spectrum than the useful component )(tX . The value of the useful component  

does not have enough time to change during t , and )( ttX  coincides with the value of )(tX , i.e. 

)( ttX  = )(tX .       (4)      

Then, for the indicated objects, if condition (4) is fulfilled, the relation 
)0(

)(

XX

XX

R

tR 
equals unit, i.e. 

[19]: 

)0()( XXXX RtR  .       (5) 

At the same time, due to the fact that for a Gaussian random noise, the sampling interval t is 

selected based on the end correlation time cor  of the noise, then  R  can be represented as 

follows [20]: 

𝑅𝛦𝛦(𝜇) = {
𝑅𝛦𝛦(0) 𝑤ℎ𝑒𝑛 𝜇 = 0
0            𝑤ℎ𝑒𝑛 𝜇 ≥ 𝛥𝑡

 .    (6) 

Therefore, if, using formula (1), we calculate the estimates of the correlation function  GGR  

of the noisy signal at  =0 and a sufficiently small time interval tcor   compared to the 

observation time T  and find the difference between these estimates, we get: 

 0GGR -  tRGG  =  0XXR +  0R -  tRXX  -  tR  .   (7) 

Taking into account conditions (5)-(6), formulas (3), (7), and the face that the estimates of the 

autocorrelation functions of the useful signal  tX  and the noise  t , respectively, at the zero time 

shift  =0 are the variances of the useful signal and the noise, respectively:  0XXR = XD ,  0R =

D , we get: 


D =  0GGR -  tRGG   .    (8) 

In earlier works, a formula was developed for calculating the noise variance for a more general 

case, when the sampling interval t  is selected based on the frequency band of the spectrum of the 

noise  t , i.e.  ft 21 , where f  is the cutoff frequency, Hz [5-7]: 

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Taking into account (2), (8), (9), digital algorithms are proposed  for determining the 
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1) The mean-square deviation of the noise  t  of the noisy signal  tG  is calculated from the 

expression: 



 =


D ={
√𝑅𝐺𝐺(𝜇 = 0) − 𝑅𝐺𝐺(𝜇 = 𝛥𝑡)                                     𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑝𝑒𝑐𝑖𝑎𝑙 𝑐𝑎𝑠𝑒я

√𝑅𝐺𝐺(𝜇 = 0) − 2𝑅𝐺𝐺(𝜇 = 𝛥𝑡) + 𝑅𝐺𝐺(𝜇 = 2𝛥𝑡)  𝑓𝑜𝑟 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑐𝑎𝑠𝑒
.  (10) 

2) Given that in the general population 0m and for a normally distributed random signal, 

the deviation from the mathematical expectation in absolute value does not exceed the triple mean 

square deviation, discrete values of the distribution density )(N  of the noise  t  are calculated in 
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the interval 

 3 , i.e. at   
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3) The maximum of the density of the normal distribution  
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– for the first and second points along the abscissa: 

𝐴𝛦1∗ =

{
 

 −√(𝑅𝐺𝐺(0) − 𝑅𝐺𝐺(𝛥𝑡))                                                             𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑝𝑒𝑐𝑖𝑎𝑙 𝑐𝑎𝑠𝑒

−√(𝑅𝐺𝐺(𝜇 = 0) − 2𝑅𝐺𝐺(𝜇 = 𝛥𝑡) + 𝑅𝐺𝐺(𝜇 = 2𝛥𝑡))         𝑓𝑜𝑟 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑐𝑎𝑠𝑒

 (14) 

𝐴𝛦2∗ =

{
 

 √(𝑅𝐺𝐺(0) − 𝑅𝐺𝐺(𝛥𝑡))                                                             𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑝𝑒𝑐𝑖𝑎𝑙 𝑐𝑎𝑠𝑒

√(𝑅𝐺𝐺(𝜇 = 0) − 2𝑅𝐺𝐺(𝜇 = 𝛥𝑡) + 𝑅𝐺𝐺(𝜇 = 2𝛥𝑡))         𝑓𝑜𝑟 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑐𝑎𝑠𝑒

 (15) 

 

 

 

– for the first and second points along the ordinate: 

𝑂𝛦∗ =

{
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        𝑓𝑜𝑟 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑐𝑎𝑠𝑒
 (16) 

However, it is known that the confidence interval of the estimates of the mathematical 

expectation of the noise in a sample with the known mean squarre deviation   is calculated from 
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the expression [21]: 
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Then estimates of the distribution density at the lower limit of the confidence interval with the 

mathematical expectation 0m  will be calculated from expressions (12)-(16).  

3.2. Algorithms for determining the upper limit of the confidence interval. 
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where the estimates of the distribution density of the noise should be calculated in the interval: 







  


 3min
N

zp ; 





  


 3max
N

z p . 

In this case, the maximum of the density of the normal distribution  

maxN  of the noise is 

determined, which is located in the point 

m =
N

z p






 will also be calculated from expression (13).  

However, the inflection points 

























e

m



2

1
;  and 


























e

m



2

1
;  are determined 

from the expression:  




























eN
z p






2

1
;  and 




























eN
z p






2

1
; . 

It follows from this expression that the coordinates for the first and second inflection points 

along the abscissa vary depending on the nature and degree of the defect, while the coordinates of the 

first and second inflection points along the ordinate remain unchanged. 

 

4. Algorithms for using the confidence interval of the estimates of the distribution density of 

the noise for early detection of malfunctions of industrial facilities and monitoring the dynamics 

of their development 

 

To detect the appearance of defects at an early stage, it is necessary to create a databank 
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consisting of the estimates of the characteristics of the noise obtained at different times it , ,3,2,1i

. The following algorithm is proposed for processing this data.. 

1. At the instant 
1t , the values of the noise characteristics 



 1t
D , 



 1t
 , )(1 



tN , )(max,1





 mN t , 

11tA

, 

12tA , 

1tO  are calculated from expressions (8)-(17). If all these values are equal to some steady-state 

value corresponding to an operable value 

 1t
D ≈ constD , 

 1t
 ≈ const , )(1 



tN ≈ )(constN , )(max,1





 mN t ≈

)( 

mNconst , 


11tA ≈ constA1 , 


12tA ≈ constA2 , 


1tO ≈ constO , this means that there are no malfunctions in the 

technical condition of the facility. These values are entered into the databank of informative operable 

attributes 1tS . 

2. Then at the instant 2t , the values of the similar noise characteristics 


 2t
D , 



 2t
 , )(2 



tN , 

)(max,2





 mN t , 

21tAE , 

22tAE , 

2tOE  are calculated and entered into the databank of informative 

attributes 2tS . 

The analysis of the noise estimates obtained at the instants 
1t  and 2t is carried out and 

conclusions are drawn. If 


 1t
D =



 2t
D , 



 1t
 =



 2t
 , )(1 



tN = )(2 


tN , )(max,1





 mN t = )(max,2





 mN t , 

11tAE

= 

21tAE , 

12tAE = 

22tAE , 

1tOE = 

2tOE , then no malfunction is observed. Then the state of the 

production facility is considered stably operable. If 


 1t
D ≠



 2t
D , 



 1t
 ≠



 2t
 , )(1 



tN ≠ )(2 


tN , 

)(max,1





 mN t ≠ )(max,2





 mN t , 

11tAE ≠ 

21tAE , 

12tAE ≠ 

22tAE , 

1tOE ≠ 

2tOE , there is a malfunction. Then 

a correspondence is established between the values of the noise characteristics and the type of defect 

for the vector of informative attributes 2tS . 

3. Then the noise characteristics 


 3t
D , 



 3t
 , )(3 



tN , )(max,3





 mN t , 

31tAE , 

32tAE , 

3tOE  are 

calculated at the instant 3t ; the obtained values are also entered into the databank of informative 

attributes 3tS . If 


 3t
D >



 2t
D , 



 3t
 >



 2t
 , it means that the malfunction is in the process of 

development. Then preventive maintenance should be carried out in the normal operation mode.  

If 


 1t
D >>



 2t
D , 



 1t
 >>



 2t
 , it means that damage is developing rapidly. Then, in the vector of 

informative attributes, these values of the noise characteristics are associated with the state of “rapidly 

developing degree of defect”. In this case, it is necessary to stop the operation of the equipment in 

order to avoid an accident. 

4. Then the noise characteristics are calculated at the instants 4t , 5t , …, nt , the databank of 

informative attributes 4tS , 5tS , …, tnS  is compiled for each instant; for each of these vectors, a 

correspondence is established between the values of the noise characteristics and the degree of 

development of this type of defect. A matrix of informative attributes of the dynamics of the 

development of this type of malfunction of a technical object is built:  















































































tntntntntnn

ttttt

ttttt

ttttt

t

OAAmNND

OAAmNND

OEAEAEmNND

OAAmNND

S

tn

tt

tt

tt

21)()(

21)()(

21)()(

21)()(

max,

333max,33

222max,22

111max,11

33

22

11











              (18) 

5. The state vector is built: 

 tntt SSSS 21 .     (19) 

6. To each of the informative attributes, the degree of damage development is assigned.: 
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S =

{
  
 

  
 
St1 no damage
St2 minor damage appeared
St3 major damage appeare
St4 damage is developing with minor intensity
St4
…

damage is developing with great intensity
                                         …

Stn damage is severe, developing rapidly

  

}
  
 

  
 

                            (20) 

7. A table of actions to be carried out in each individual case is compiled: 
 

Table 1  

Technical condition of the facility and relevant actions 
 

State Degree of damage Required action 

1tS
 

No damage Continue operation 

2tS
 

Minor damage appeared Conduct preventive maintenance 

3tS
 

Major damage appeared Conduct repairs 

4tS
 

Damage is developing with minor intensity Conduct repairs in the process of normal 

operation 

5tS
 

Damage is developing with great intensity Stop operation and conduct repairs  

…   

tnS
 

Damage is severe, developing rapidly Stop operation, call the emergency crew and 

conduct repairs 
 

8. Similar matrices of informative attributes of the dynamics of the development of 

malfunctions of technical objects are built for other types of defects. This allows detecting the 

moment of emergence of the defect and conduct early monitoring of accidents. 

 

5. Using the confidence interval of the distribution density of the noise for early monitoring of 

compressor station malfunction. 

 

In the following paragraphs, we shall demonstrate the possibility of using the confidence 

interval of the distribution density of the noise to determine the early stage of the initiation of a 

compressor station malfunction and the intensity of its development. 

At present, at oilfields, oil and gas pipelines, and oil refineries, compressor stations are widely 

used to provide the transfer of oil and gas. After a certain period of normal operation of compressor 

stations, the period of latent transition to an emergency state begings. 

The majority of failures of oil and gas pumping units occur in the mechanical part and the 

lubrication system and are caused by malfunctions of mounting groups, gearboxes, couplings, pumps. 

For instant, a typical bearing damage is the appearance of scratches, rubbings, cracks, melting, etc. 

on the surface. Failures of gears occur as a result of surface layer fatigue, which leads to local surface 

damage or peeling of individual particles of material. Damage to gear wheels is seizing, plastic 

deformation, peeling. Damage of gear couplings is abrasive wear, dents and ridges on working 

surfaces, tooth breakage. 

Therefore, the task of monitoring the technical condition of a compressor station comes down 

to providing a reliable indication of the beginning of the time of occurrence of one of these defects. 

Currently, monitoring and control systems cannot ensure registration of the beginning of the 

latent period of the transition of the facility into an emergency state. This is one of the drawbacks of 

compressor station control systems. In the following paragraphs, we consider the possibility of 

determining the early latent period of the onset of a fault and the degree of its development at a 

compressor station as a result of calculating the confidence intervals of the mathematical expectation 
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and the distribution density of the noise of noisy signals coming from vibration sensors mounted on 

the electric motor, on the first and second gearboxes, on low and high pressure cylinders, mounting 

groups. 

The following algorithm of early monitoring is proposed. The noise matrix tS  of informative 

attributes is built (18) and the state vector S  is created (19), (20). If at some instant in time the value 

of one of the estimates 

D , 

 , )(N , )(max





 mN , 
1A , 

2A , 
O  differs from the reference values  

constD , const , )(constN , )( 

mNconst , constA1 , constA2 , constO , it means that a defect has occurred and a 

correspondence is established between the values of the noise characteristics and the type of defect. 

At the same time, the corresponding element is selected in the state vector S  and the type and severity 

of the damage is noted. Types of defect are recorded in coded form:  

1 – scratches on the bearing surface; 

2 – rubbing on the bearing surface; 

3 – cracks on the bearing surface, etc.; 

4 – damage on the surface of gears; 

5 – seizing of gear wheels; 

6 – plastic deformation of the gears; 

7 – gears peeling; 

8 – abrasive wear of gear couplings; 

9 – dents and ridges on the working surfaces of gear couplings; 

10 – breakage of the teeth of gear couplings, etc. 

After determining the type and degree of compressor station malfunction, the monitoring 

system generates information on the actions that need to be taken in each specific case: 1 – repair is 

not required; 2 – regular maintenance is required; 3 – major repairs are required; 4 – the damaged 

part must be replaced; 5 – the operation of the unit must stop, etc. 

 

6. Conclusions 

 

The application of the developed algorithms for determining the confidence interval of the 

estimates the distribution density of the noise in monitoring and control systems allows calculating 

the minimum and maximum threshold values, beyond which we can draw a conclusion about the 

occurrence of a fault and determine the intensity of its development at an early stage. When the system 

operates in noise control mode during operation of a unit, a state vector, the elements of which 

correspond to various faults of the object under investigation in the latent period of fault initiation, is 

built using combinations of confidence intervals of the estimates the distribution density of the noise 

of all analyzed signals. This allows assessing the technical condition of the facility as a whole and 

conduct early monitoring of accidents [14-22]. 

The possibility of practical application of the developed algorithms is considered on the 

example of identifying the latent period of defect initiation and determining the dynamics of its 

development at a compressor station. 
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