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1. Introduction

As our analysis shows, the operation mode of complex electrical circuits with distributed
parameters during operation is mainly variable [1-6, 9-16, 18, 19].

At the same time, the isolation level of this system is largely determined by internal
overvoltages arising under various operating conditions.

In this regard, the issues of studying transient processes in complex electrical circuits with
distributed parameters that arise in various normal pre-emergency and emergency situations are of
great practical interest for modeling transient processes in complex electrical circuits with distributed
parameters, attract increasing attention.

The use of computer technology for numerical simulation of transient processes in complex
electrical circuits with distributed parameters allows you to more accurately determine the shape of
the distortion of the signals and parameters of the measuring device to receive signals in the desired
form.

A new approach based on further development and generalization for computer simulation of
transient processes in objects with distributed parameters described in partial derivatives of a
hyperbolic type is the new numerical method proposed in [14-19], the essence of which is based on
the use of a discrete analogue of the integral convolution equation.

The advantage of this numerical method is that it allows computer simulation of transient
processes in systems with distributed parameters, without moving to the domain of discrete images
[7, 9-13], and also transfers from the Laplace transform of the desired functions to the domain of
originals without finding roots of characteristic equations, without expanding the operator wave
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propagation coefficient and operator wave impedance in series, which greatly simplifies the
mathematical calculations and increases calculation accuracy.

In addition, the proposed new approach [14-19], in contrast to the existing methods [1-6, 8, 9-
13], depending on the specified calculation accuracy, allows replacing the operation of continuous
integration by summing, using not only rectangle formulas, but also trapezoidal, Simpson, Weddle.

These properties of the new approach [14-19] significantly expand the range of problems.

This paper a further generalization and development of works [14-19] for computer simulation
of transient processes in complex electrical circuits with distributed parameters with an allowance for
losses, when replacing the operation of continuous integration by summation, in the general case,
using the Simpson formula.

2. Problem statement
Let us consider the process of switching on a loaded complex electric circuit with distributed

parameters with a lumped inductance L., active resistance R, at the end, to an arbitrary voltage source
U, (t) through the lumped resistance R, and inductance L, (Fig.1).

L. » R L, % — iu{t}L
i, (1) L
2
o Uo (1)
Uwn (1) R
[TT1
Fig. 1

Transient processes occurring in electrical circuits with distributed parameters are generally
described by telegraph equations [1-4]:

—(')u_L(')i_l_R,

ot oc

o _ o6 0<x<lI )
ox  “or % =X=

where u = u(x, t) is voltage; i = i(x,t) is current; L, C, R, G is resistance, inductance, conductivity
and capacitance between wire and ground, referred to a unit of circuit length.
The initial conditions are zero:

u(x' t)t:O = 0; i(x, t)t:o =0
The boundary conditions have the form:

u(x, x=0 = ug(t), wux(t) = Raix(t) + L,
where u, (t) = u(l,t), i, (t) =i(l,¢t),

dig(t)
dt

3. Solution

In solving the problem at the first stage, it is necessary to obtain a Laplace transform for the
functions i(x, t), u(x, t).
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Using this method, under the adopted initial and boundary conditions, from the solution of the
system of differential equations (1) we obtain the following expressions for the indicated functions
in operator form:

1 shy(l—x) chyx

chy(l —x) shyx
U(x,s) = TleH(S) — p($)Ii(s) Tk 3)
where ¥ = y(s) = /(sL + R)(sC + G) is the operator constant of the propagation of the wave
p(s) = zg: is the operator wave impedance of the circuit; s is the Laplace transform

operator; U(x,s),1(x,s), Uy (S), Ix(s) iIs a Laplace transform  of the  functions
U(X, t)' i(X, t)' uH(t)' lk(t)

The second stage of solving this problem is related to the transition from Laplace transform (2),
(3) to the domain of originals.

In this regard, in the expressions for the functions I (x, s), U(x, s) from (2), (3), proceeding from
hyperbolic functions to power functions, we obtain:

1 1/ G1 1 e=2¥18 _ o=2y1(1-8)
I1(8,s)— = —(+——) U +
1 e—yl(1—25) + e—yl(1+26)
s 1+ e-2r () (4)
G 1 1 G1 1 e—2yl6 + e—Zyl(l—&)
U(s, (1+——> :( +__> U _
@) C s/ [(s+a)?—p> Cs/ /(s +a)z— B2 1+ e-21t H(s)
e—yl(1—25) _ e—yl(1+25) 1
-pl(s) 11 o2 5 (5)
where y =y(s) = %w/(s + a)? — B%,v =1/VLC is the wave propagation speed; p = \/% is the
wave impedance of a radio circuit with distributed parameters without loss, a@ = %(g + %) is the
attenuation coefficient; g = z (5 — 9) is the distortion factor; § = =.
2 \L Cc 21

In the particular case, if G = 0, then « = B. At § = 0, in the so-called balanced radio circuits

with distributed parameters, the following ratio of parameters takes place % = %

For the balanced case = 0, the coefficient r is equal to the same value as for the case without
loss in the line.

Expressions (4), (5) can be represented as

16.9) [+ 15)] = 2 [l + ) ~ ) ~ ks )] Un) +

H(5) + o (D) (©)
U(8,5) [Ko(s) + £ eo(s) + Kao (5) + e ()] =
G G
= [lo() + 2 15(9) + ka(5) + £ ks (9] U ) = plke () = Iy (). ()
e—2yl e—2yl 1 e—2y16

where ki(s) == k2(8) = T ks(8) = 5 T
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e—2yl(1—5) 1 e—2yl(1—6)

k4(s) =m, ks(s) =§.\/(s+a)2_ﬁ2

e—yl(1—25) e—yl(1—25) 1
ke(s) = k7(s) :f’ks(S):\/(s+a)2—ﬁz

1 1 e~ 2t
RN (o ey A N ey ey

1 e 2vt
kii(s) ==

k,(s), ..., k11 (s) is transfer functions.

Based on the convolution theorem, proceeding from equations (6), (7) relative to images to
equations relative to the originals, we obtain:

t t t
fi(t —0,8)1(8)do + fi(t —0,8)k, (8)d6 = | f uy (t — 0)k,(6)dO +
0 51 Pz
v v
G ] G g
+ qu(t — 0) ky(0)d6 — f uy (¢ = 0)ky (0)d6 — - f uy (t — 0)ks(6)d6] +
218 21(1-6) 21(1-6)
v v v
t t
+ j ip (t— —0)kes(6)do J ir(t —0)k,(6)do (8)
1(1-26) 1(1+26)
v v
t G t t
j i(t — 6,0)kg(0)dO + EJ u(t — 6,8)ko (0)dO + fu(t —8,8)ky0(0)dO +
0 0 21
v
G t t G t
pl} 21 z
v v ‘U
t G t
+ j wy (£ — 6) ks ()6 + j uy(t — 0)ks(6)d6 — p i (t — 0) ke(6)d6 —
21(1-6) 21(1-6) 1(1- 26)
v v
t
- | we-ork@a0), )
1(1+426)

v

where k,(t), ..., k11 (t) are known originals of the transfer functions. k,(s), ..., k11 (s).
Integral equations (8), (9) can be solved numerically if the integrals are replaced by the sums.
In this regard, using the relationship between continuous time t and discrete n (n = 0,1,2 ...)
in the form ¢t = nT /A [9] (where A is any integer, T = 21,7 = i is the propagation time of the wave

at one end of the chain with distributed parameters), we sample equations (8), (9) for the selected
interval T /A, replacing the operation of continuous integration by summing using the Simpson
formula.
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Here, instead of (8),(9) with respect to the lattice functions i[n, 3], u[n, 5], we obtain the
following recurrence relations:

' (Ckalm] + 2z kalmDUgln —m] + 4k — 1] +

_ 1
i[n, 8] = B C31
m=16

GT

GT
+ ool - 11)UH[n e (kz[m — 2]+ g5z klm - Z]) Uyln —m +2]) -

GT
= > (((kalm) + gz ksIm]) Unln = m] + 4Ckym — 1] +
m=A(1-6)
+%7§%k5[m—1])UH[n—m+1]+(k4[m—2]+%%k5[m—2])UH[n—m+2])]+

+ Z Ckg[m] ix[n — m] + dkg[m — 1] ig[n — m + 1] + kg[m — 2]ix[n —m + 2]) +
m=0,5(1-26)

+ z (ko [mig[n — —m] + 4k [m — 1]ig[n = m + 1] + ky[m = 2]ix[n — m + 2]) —
m=0,54(1+25)

- Z(kl[m]i[n —m, 8] + +4ky[m — 1]i[n —m + 1,8] + ky[m — 2]i[n — m + 2,8]) —

m=A4
n

- z (A[ml]i[ln —m, 8]+ 4-1[n—m+ 1]i[m —1,8] + 1[n — m + 2]i[m — 2,5]) (10)

G T
U[n,d] = Ao{z ((kz[m] +E-§k3[m]>UH[n —m] + 4(ky[m — 1] +
m=>\d

T G T
+E-§k3[m— 1DUgxn —m+ 1] + (ky[m — 2] + =

, C-ik3[m—2]UH[n—m+2])+

G T
+m=;_6)(( ks[m] + o ﬁks[m]UH[n —m]) + 4(ky[m — 1] +

G T G T
42 okslm = IUuln —m + 1] + <k4[m— 2]+ 2 = kslm - 2])UH[n —m+2]) -
—p[ Z (kg [m]ig[n — m] + 4kg[m — 1]ix[n —m + 1] + kg[m — 2]ix[n —m + 2]) —
m=0

(ky[mliy [n — m] + 4k, [m — 1]ig[n —m + 1] + k;[m — 2]ig[n —m + 2])] —
m=051(1+28)

G T
- z ((klo[m] +o ﬁkn[m]) Uln —m, 8] + 4(kyo [m — 1] +

m=A7

+2- Tk [m— 1)U —m +1,8] + (kaolm = 2] + 2+ ks [m — 21) Uln — m + 2, 8)-
n

G T
- Z (kg[(m] + 2 kofmDUIn = m, 5] +

m=1

G T
+4(k8[n—m+1]+E-§k9[n—m+1])U[m—1,6]+
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G T
(kg[n m+2]+C 3/1k9[n m+2]>U[m—2,5]), (11)
1 1
where & Eﬁ = (aT +pT), Ay = il
0, whenn < 4
n
kq[n] —{ear+a3_T Z (By[m] + 4B, [m — 1] + B;[m—2]), whenn> 21
m=2A+1
b (V=) A (o] e
filn] =e 7 —— Jka[n] =e 7 Io(ﬁz nz—(ﬂﬁ)z),

n

kalnl = ) (Kolm] + deylm — 1] + ky[m = 2]),

m=A0

aT T
kyn] =e 2", (ﬁz\/nz —[A(1 - 5)]2),

ksl = ) (Kalm] + akylm — 1]+ keglm — 2,

m=i(1-5)
0, whenn < 0,5A(1 — 28)
keln] = { p-ari-28) 271 3‘_25) (BsIm] + 4B5[m — 1] + Bslm — 2]), when 0,54(1 — 25)
m=0,54(1—-26)+1
e (@—T Jn? —[0,51(1 — 26)2)])
nl=e "
Folnl Jn% = (0,54(1 + 26))2
0, when n < 0,5A(1 + 26)
kyln] = {e-aT<1+25> + w (B,[m] + 4B, [m — 1] + B,[m — 2]), when n > 0,51(1 + 26)
m=0.5A4(1+28)+1
—ar L ('BTT\/nZ — (0,511 + 25))2>
=e i "
Fr Jn% = (0,54(1 + 26))?
_ﬂn pT
ke[n] = e~ 771, (7n> Z(kg m] + 4kg[m — 1] + kg[m — 2],
_aT, ﬁT
kioln]l =e 271, ( ) ) kii[n Z (kiolm] + 4kyo[m — 1] + kyo[m — 2])

Obtained recurrence relations (10), (11) are easily implemented on a computer.

The calculation error is related to the quantity 4. The larger the number A is selected, the less
the characteristics of continuous functions differ from the corresponding characteristics of lattice
functions.

The recurrence relations (10), (11) include unknown functions Uy[n], iy [n].. Their values is
determined according to the following procedure.

For the starting point of an electric circuit with distributed parameters, the following expression
can be represented in operator form:

iy (S) = [Uo(s)- Un(s)]ko(s), (12)
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1

where KO(S) = m

Expression (12) based on the convolution theorem in the domain of originals can be
represented as:

1
i = - f ko (O [Us (¢ — 61) — Uy (¢ — 6,)] 6, (13)

_Ri,
where ky(t) = e L1

Expression (13) based on the Simpson formula in lattice form will be:

folnl = 3 Z(ko 1Woln = m] = Uyl = m]) +
+4ky[n — m+1](U0[ - 1] = Uy[m—-1]) +

+ko[n —m + 2](Uy[m — 2] — Uy[m — 2])), (14)
where ko[n] = e “an

Here,
D (kolm) (Uoln = m] = U [n = m]) + koln = m + 11Ulm — 1] = Uy[m — 11) +

m=0

+ko[n —m + 2](Up[m — 2] = Uy[m — 2])) = Up[n] = Uy[n] +

+ Z(ko[m](Uo[n —m] — Uy [n — m])+4Ky[n —m + 1](Uy[m — 1] — Uyg[m —1]) +

+ko[n —m + 2](Up[m — 2] = Uy[m —2])) = Uy[n] — Uy[n] + B[n], (15)

where

Blnl = ) (kolml(Uoln —m] = Uyln — m]) + +4koln = m + 11(Uolm — 1] -
m=1

“—Uy[m = 11) + ko[n — m + 2]Ug[m — 2] — Uy [m — 21))

Expression (14) with allowance for (15) can be represented as:
T
3AL,

For & = 0, from recurrence relation (10), we can present the following expression for the current
iH [n]

iy[n] = (Uog[n] = Uy[n] + B[n]) (16)

iﬂn]%i((kz’[m] 2 ki) Uyl — m] +

m=o

, G T
+4(k2[n—m+1]+c ki = m+1]>UH[m—1]+

G T
+(UH[n—m+2] CS/Ik[n m+2])UH[m—2])—
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Z ((k4 2 iU = m] + 4Cky[m — 1] +

C 32
G T | m G T
E-ﬁkS[m—l)UH[n—m+1] (k4[m 2]+ 2ok [m—z])UH[n—m+z])]+
+2 Z (kg[mlix[n — m] + 4kg[m — 1]ig[n —m + 1] + + kg[m — 2]ig[n — m + 2]) —
m= 051

Z(kl [mlig[n — m] + 4k, [m — 1]ig[n —m + 1] + ky[m — 2]iy[n —m + 2]) —

n
Z(l mlig[n —m] +41[n —m+ 1]ig[m — 1] + 1[n — m + 2]iy[m — 2]), a7
m=1

where
, _ar T
kyn]=e An{o(ﬁin)’
k;[n] = z (kym] + 4kj[m — 1] + ky[m — 2]),
ky[n] = e__"IO (ﬁ—\/ nz — /12)
n
Z( m] + 4k [m — 1] + k,[m — 2])
0, = when n < 0,51
keln] = { —ar + Z (Be[m] + 4Bc[m — 1] + B¢[m — 2]), whenn > 0,51
m=0,51+1
T
S I, (ﬁ”Tw/n2 - (0,5/1)2>
ni=e A
Fe Jn2 — (0,51)2
Here,

i(( T 3,1 kelm ]>U”["_m]+
G

[n—-m+ 1]+ C31k3[n m+1]>UH[m—1]+(k2/[n—m+2]+

+4(k;
+Z g kaln —m+ 2Dy — 21) = (K3[0] + & 5= k(0] ) Uyln] +

2
G
C

n

Z((kzn m+ 1] +g %k [n—m+1DUy[m —1] +

C 34

<k2[n—m+2]+% kil = m+2])UH[m—2]), (18)

+4(k n—m+ 1]+ k] [n—m+1]>UH[m—1]+

where k,[0] = k;[0] = 1
Expression (17) with allowance for (18) can be represented as:
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14— -—) U, [n] + By [n], (19)

where

i/ . GT
Bl[n]=;[zl<(k2[ ml + 2 5z sl ) Ul —m] +

T ,
+ g gy kil - m+1]>UH[m—1]+(k2[n—m+2]+

G T
+o §k3[n—m+2])UH[m—2]) -

2((1«4 + 2ok D) Uy — m] + 4lkcym — 1] +

L kitm—2) Upln—m+ 2] +

kslm —1]) Uyln —m + 1] + (ky[m — 2]+C 37

+
ﬁlm

T
31
n

kelmlig[n —m] + 4 kg[m — 1]ig[n —m + 1] + kg[m — 2]ixg[n —m + 2]) —

M%M

mliyg[n — m] + 4ky[m — 1]ig[n —m+ 1] + ky[m — 2]ig[n —m + 2]) —

m:

Z(l mlig[n —m]+41[n—m+ 1]lig[m — 1] + 1[n — m + 2] iy[m — 2])

Substituting the value of the function iy[n] from (19) into (16), we obtain the following
expression for the voltage Uy [n]:

Unln] = - (AWolnl + Bnl) = Ba[n]}, (20)
where
_ T _ 1 G T
A=g M= ;(1 +E'§)

In recurrence relation (20), the expression for the lattice function B,[n] includes the unknown
function i, [n] is a change in current at the end of an electric circuit with distributed parameters. Its
value is determined as follows.

According to the boundary conditions, we can represent the following expression for the
function U, (t) in operator form:

Ur(s) = (Rz + L2S) I (s) (21)
Expression (21) can be represented as:
I, (s) = W1 (s)Ux(s), (22)

1
L25+R2

where W, (s) =

Expression (22) based on the convolution theorem in the domain of originals can be represented
as:

1
il = - f Wy (1)U (t — 6,)d6,, (23)
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_Rz,
where W, (t) = e L2

Expression (23) based on the Simpson formula in lattice form will be:
n
) T
ik[n] = 3

(Wi [m]Ui[n — m] + 4W;[n — m + 1|JU[m — 1] +
LZTZO 1 k 1 k
+Wi[n —m+ 2]Ui[m — 2]), (24)

_TRz,
where W;[n] = e -2

Here,

Z (Wi [m]Up[n — m] + 4W,[n — m + 10 [m — 1] + Wy[n — m + 2]U,[m — 2]) =

m=0

— W,[0]U,[n] + Z Wy [m]Us[n — m] + 4W,[n — m + 1]U,[m — 1] +

m=1

+Wi[n —m+ 2]Ux[m — 2]) (25)

Expression (24) taking into account (25) will be

T n
ir[n] = 3L, <Uk[n] + z (Wi [m]U,[n — m] + 4W [n — m + 1]U;[m — 1] +

m=1
+Win —m + 2]U[m — 2])) (26)
In expression (26), the value of voltage U, [n] is determined from the recurrence relation (11)
for§ = % then:

n

Ueln] = Ag {2 D ((katm + & g kitm) vyl = +

m=0,5/16 T
+4<k2/[m—1]+Eﬁk§[m—1])UH[n—m+1] +
, T
+<k2[m—2] +53—/1k3[m—21>u,{[n—m+21)—

—p [Z (kg[mlig[n — m] + 4kg[n — m + 1]ig[m — 1] + kg[n — m + 2]i [m — 2]) —

m=0

= (s mligln = m] + 4leyfm = i [n = m + 1y [m = 2]ig [ = m + 2])] =

m=A1
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n

—Z((kg[m] gﬁkg[ 1) Uil = ml +

m=1

+4(k8[n—m+1]+g-%k9[n m+1]>U [m—1] +

¢ T
kel —m + 2] + - kol - m+2])Uk[m—2])}, 27)

ki = Y (klml +akglm =1+ ksim—21),  kgln] = 1
m=0.51

0, whenn < 4

k7ln] =3 p-2ar 4 297 Z (B7[m] +4B;[m —1] + B;lm —2]), ~ whenn > 2

m=2A+1

BT ;o7
,5’/[rl]=e‘aTT"11(’1 " AZ)
’ Vnz =22

Recurrence relation (27) can be represented as:

Upln] = B, [n] — pA, Z A[mlig[n—m] +4-1[n—m + 1]i[m — 1] +
m=0

+1[n = m + 2]ig[m — 2]), (28)
where

Biln] = A, {2 D (ks + gk )yl = +
m=0,51
+4 (k;[m — 1]+ ¢ T k

kil = 11)uyln —m+ 1] +
(kz[m 2] + 2 kim 2])uH[n—m+2]>—

GT

- Z(k;[m]ik[n — ] + 4k [m — igln — m + 1] + ky[m — 2)ig[n — m +2]) —

m=A
n

X (G ggkn[ 1) Uiln — m] +

m=A4

+4<k10[m—1] L e m 1])Uk[n—m+1] +

C324

+e ;kn[m z1> Upln —m + z1> -

= (ol + 5 sl = +

G T
E.ﬁkg[n m+1]> klm —1] +
G T

E.3_11{9[71 m+2])uk[m—2])}
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Expression (28) can be represented as:
U[n] = Bz[n] — pAoix[nl, (29)
where
n
B,[n] = B.[n] — pA, Z (U[mlig[n —m] + 4 1[n — m + 1]ig[m — 1] +
m=1
+1[n —m + 2]i[m — 2])

Substituting the value of the function Uy[n] from (28) into (29), we obtain the following
recurrence relation for the current i, [n]:

T n
L
ip[n] = LZT B,[n] + Z (W, [m]Uy [n — m] +4W,[n — m + 1]U[m — 1] +
1+pATLZ m=1

+Wi[n —m+ 2]Ux[m — 2])} (30)

Therefore, having determined the value of the lattice functions Uy[n], ix[n], a transition is
made to find the changes in current and voltage at any point in the original system using recurrence
relations (10), (11).

4. Conclusion

The results are of great practical importance for calculating the parameters of transmitting,
receiving, measuring and other electrical devices that are used in electrical circuits with distributed
parameters.

The developed numerical method can be developed to solve the problems of dynamics in
electric circuits with distributed parameters containing elements with time-variable parameters, as
well as nonlinear elements.
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