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ABSTRACT

This paper considers the sequence {&;}, ¥, &, }ve, of independent
identically distributed, positive, independent random variables
and the sequence { ny }r, of negative random variables. On the
basis of these random variables, a semi-Markov random walk
process with a delaying screen at zero is constructed, and an
integral equation for the conditional distribution R(t, x|z, h) of
this process is found using the formula of total probability. In the
class of distributions decreasing exponentially fast, using the
method of successive Laplace integral transforms in time t and
Laplace-Stiltes in phase x, this integral equation is reduced to a
partial differential equation — to the fourth-order Mangeron
equation. Thus, it is proved that the double integral image
R(8,a|z,h) of the conditional distribution of the constructed
semi-Markov random walk process is a solution to the obtained
Mangeron equation.

1. Introduction

To study the distribution of a semi-Markov random walk and its main boundary functionals,
some authors used asymptotic, factorization, and other methods [1-5]. In this paper, narrowing the
class of the random walk, the integral equation for the Laplace transform in time, the Laplace-

Stieltjes transform in the phase of the conditional distribution of the semi-Markov random walk

process are reduced to the Mangeron equation [6].

2. Probabilistic problem statement

Suppose the sequence {&F,ni, & k=1 IS given on the probability space (Q,F,P(-)) of
independent identically distributed, positive, independent random variables and the negative

random variable nn;, < 0.k =1, c0.
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Using these random variables, we construct the following random processes
Xi(t) = {_<=—1177ii’ if Z{c=_11€li st< Z?:lfii' k =1,00.
We can write these processes in the following form:

XE() = 32O nt, where vE(e) = k, if Sl et <t < T &

Let us call the process X;(t) = X*(t) — X~ (t) a complex semi-Markov random walk
process.
Denote

We arrange these random variables in ascending order
{Tk}; k= 1;00-

Denote

Construct the following process [1, ¢.51]
X@)=¢ if 1 St <7tpy1, k=100,
So=12 ¢ =max(0,¢,_1 + 1), 2> 0
Let us call the process X(t) differential with a random walk and with a delaying screen at
zero. The aim of this paper is to study the distribution of this semi-Markov process.

3. Solution

Note that neither the moments 7;,, nor the moments z; are Markov moments. If we know the
value of the process X (t) at the moment t, then to determine the further behavior of the process, we
also need to know when a positive jump will occur for the first time after t, . Therefore, when
studying the process X (t), it is natural to also consider two following processes.

§%(t) = min[tf — t]
We must investigate the distribution of the process X (t) in the following form
P{X(t) < x|X(0) =26%(0) = h} = P{X(t) < x|X(0) = z,& = h}
or
P{X(t) < x|X(0) =267(0) = h} = P{X(t) < x|X(0) = z,&; = h}.
From the total probability formula we have

P{X(t) <x|X(0) =z¢& =h}=P{X(1t) <x,& >t|X(0)=2z§& =h}+

%) t

+ J jP{El" € ds;X(s) €dy; §1(s) € dulX(0) = z, & = h}P{X(t —s) < x|X(0) =
y=0

u=0s=0

=y,¢ =h} (1)
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Denote
R(t,x|z,h) = P{X(t) < x|X(0) = z; & = h}.
Then (1) takes the form
R(t,x|z,h) = P{X(t) < x,& >t |X(0) =z, & = h} +

co o t
+ J. f fP{El"eds;X(s) € dy; 67(s) € du|X(0) = z, & = h}R(t — s,x|X(0) =
=1

N

o
(=]

y=0u=

=& =h
Since v*(t) = 0, the last equation can be written in the following form

R(t,x|z,h) = P{z < x,&é; >t,vT(t) =0|&f = h} +
+P{z+ X*(t) <x,é >t,vt(t) >0|& =h}+

[ele) [ele) t
+ f f fP{El"Eds;s<51+;max(0,z—n1")6dy;€1+—sedu|€1+ = h}R(t — s, x|y, u) +

© oo At _ + -

+ oo fumo om0 P {51 € ds;s > &; max (O,Z + YOt —n; ) e dy;
+

SO & — s € dulgt = h}R(t - s,x]y,u).

Further,
R(t,x|z,h) = P{z < x,& >t,& <t |&f =h} +

+P{z+ X*(t) < x,é7 >t,vf(t) >0|& =h}+
[o's) [ele) t
+ f f fP{fl"eds;s<ff;max(O,z—nl")edy;Ef—sEdu|€1+ = h}R(t — s, x|y, u) +
y=0u=0s=0

[o] o t _ _
+fy=0 Jeo Joeo P61 € ds;s > &5 max(0,z + X*(s) —ny) e dy;

SO & — s € dulgt = h}R(t — s, x|y, u).

Denote R(6,x|z,h) = [,
transform with respect to time t.

Then the last equation can be written as follows

,€ %R(t,x|z,h)dt,6 >0, where R(6,x|z,h) is a Laplace

R(8,x|z,h) = e(x — 2) J e Ot P{Er > t, & > t| & = h}dt +
t=0

+[2,e Pz + X nf <80 > 6,07 () > 0, <t & = h}de+

+ f f R (6, x]y,u) f e 0tp{&r edt;t < & ;max(0,z —niledy; & —t € duléf =h

y=0u=0 t=0
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.0

+ f fﬁ(@,xly,u) fe“gtP E{Edt;t>€1+;max(0,z+Enf—ni_)edy;
y=0u=0 t=0 i=1
0,x—z<0}

+(t)+1 + _ — =
SO g —ce dulst = b} where e —2) = {17723

Taking into account that in (1) & = h and the random variables &, &1 are independent, then
the last equation can be written in the following form
h

R(6,x|z,h) = e(x — 2) J e OtP{&m > tdt +

t=0
+[2,e Pz + X0t <xvf (1) > 018 = h}P(ET > thdt +

- m~ - -Otpfz— ) .o+ + _ -
+_[ fR(H,xly,u) fe P{éf edt;t < & & —tedulét = h}P{max(0,z—n7) € dy} +

y=0u=0 t=0
o oo o v+(t)
+ f f R (6, x|y, u) f e 0tplé&r edt;t > & max(0,z + Z nf —ny) € dy;
y=0u=0 t=0 i=1
v+(t)+1
> & -redulst =h
i=1
Further,
R(9,x|z,h) = e(x — 2) f e 0tp{&r > t}dt +
t=0
o) vH()+1
+ ] e 0tp Z nf <x—zvt(t) >0,& =h;P{& > t}dt +

t=h

+ ] j R (8, x|y, u) j e 9tp{&r € dt}P{h —t € du}P{max(0,z —ny) € dy} +
=0

© p+®
j jﬁ(@ x|y, u) J ~btd,d,P{max O,Z+Zni+—171")<y
+(t)+1

> & —t<ulgr =h (Pl € dy)

After some transformations we get

R(6,x|z,h) = e(x — 2) f e 9tP{&r > t}dt +

t=0
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—6h fe‘e”P{nl <x—z}P{0<v<&IP{éf >v+h}+

v=0

e~ 0n fe E.O:P{an<x—z}P{ZEi+<v<ZEﬁ}P{f{>v+h}dv—
i-1 i=1 i=1

v=0 k=1

e OnP(n; > 7} f PR (8, %|0,v)dn_ PLET < h— v} —

v=0

o h
—eon f f e R(6,x1y,v)dn-o PIET < h— v}dyPInT >z — y} +

e~on f R(6,x|0,u) f e 9duP{0 < v < & <u+v}dvP{&f < h+v}P{nf —ny < -z} +

[0e]

e on fm R (6,x]0,u) j e‘e”duz P{z & <v< Z & <u+ v}ﬁ(H,xly,z)va{f{
=0 v=0 i=1 i=1

= k=2
<v+h}x
XP{ZL 1771 —771 <y—Z}+

+e~0h j fR(G,x|y,u)dyP{nf—n1‘ <y—2z}X
y=0u=0

oo

X f e %d,P{0 <v <& <u+v}dvP{éf <v+h}+

v=0

+e~0M jo joﬁ(e,xb/,u) je‘evduiP{kZ_ffl <U<Zfl <u+v}dvx

i=1

k
x P{é&; <v+h}dyP{Zni+—n[ <y—z}

i=1

Denote:
R(,alz h) = f e~%*d_R(0,x|z,h),  a> 0.
Then we write the last equation in the following form, where ¢, 1) = Ee~a js a Laplace
transform of the random variable n;:
R(6,alz,h) = e [" e P{¢] > t}dt +

+e~%e (pn;(a) fv o e 0 p{&d > vIP{Er > v + h}dv +
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o

e e 0n "+ —BVP{U+(t) =k —1}P{¢] > v+ h}dv +

—e hp{ny >z} J. e% R (6, |0, v)dp_,P{&f <h-—-v}+

v=0

PR (6, aly, v)dp_, P{ET < h—v}d,P{nT >z — y} +

g\ﬁ‘

<
<

+
aQ
>
>
N

(HaIOu)j e % d, P{é&7 <u+v}d,P{&f <h+ v} X P{nf —ny < -z} +

+
Q
q!
‘S 8
I

u=0 v=0
oo h o v
+e~ 0 f R (6, a|o,w) j e‘gvdu P{g, <v<g,+& <u+wvldg X
u=0 v=0 k= 1=0
k-1 oo
X P {Z &< gl}va{El < h+v}dy f P{g, —n1 <y —z}dg,P {Z n < 92} +
92=0 =1

+e~ 00 f jﬁ(@,aly,u)dyP{nf—n{ <y—z}f e %du x
v=0

X P{0 <v <& <u+vidvP{& <v+ h}

e‘ehj jﬁ(@ aly,u)j evduz fp{g1<v<91+51<“+”}d91

y k=2 g,=0

e}
X P{Z &< gl} dvP{¢; < v+ h}dy X
i=1

© k
X f P{g, —ny <y —z}dg,P {Z nf < gz}
g2=0 i=1
Let us narrow the class of distributions. Suppose that the random variables fii : n;—’ have an
Erlang distribution with the parameters A+ and p+, respectively. Then, after certain calculations, the

previous equation with respect to R is reduced to the following equation.
2A_+6  2A_+2A_h(A_+0) e‘@—”’)hl o=z 4

A +02  Gtor

R(,alz h) =

L+Ah  Qeth+AAh) 22
L0 T 02 T TA 40y

+e%Zo- —(A_ +9)h(pn (a) [(/1
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[(1+ A h) gon+(a)+ /(pn+(a] (1 +A_h) gon+(a) (pn+(a)]

—(A- +9)h|

[ /1+ 1- f(pn+(a]+/1 + 6 /1+[1+ f(pn+(a)]+/1 + 6

+e%%e

o L |04 @+ [0,:(@)] 2 on@- Jo,p@]

(A + 24 +6)? A+[1‘W]” +e h[l—W}”-”}Z

20, A_+6
A+ 2, +0)3
h
412 H-Zg=(A-+00n(1 4y 7) f (h — v)e@-+ORR (9, 2|0, v)dv +
v=0

+(A_pu_)2e H-Ze=(A-+O)h j (z—y) ety J (h — v)e@-+0" R (9, aly, v)dvdy +
y:

v=0

2tz —(AO)R B Uiz 1 Kt 2 2
+(/1+/1 ) e e {1 +,u z l’l' [ﬂ +u_ (Z+'u++'u )+'u++'u_ [Z +M++[L_

+h
J e~ & (0, al0, u)[ “ +
(/1+ +A_+ 0)3 A +A_+0)?

x(z+
#++#

]dy + A3 02, e 7o~ A+ | =it B (9 ¢]0,u){(1+ p_z) X

/1+)l+9

I—

2k-3,,2k-1
A Ky

2k — 1)2k —
XLZZ( T T O G

oo

2k-3 2k-1

Hy
+(u+h)2(2k—1) i N
£, VAT 07 Gt

2k-3 2k-1
A%

Ky
h
+; (s + A_+ 0)7 (u+p )2 " *

2k-3 2k-1
A Hy

2k — 2 hi
+;( g )(/1++/1_+9)2" (g Hu)2k
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ik—3 ILZI_k 1
— ) 2k(2k -2 +
; ( ) (A4 +A_ + 0)2k+1 (u++u_)2"l

2k-3 2k-1

- A
+2u Z(Zk — 1)(2k)? s s
k=2

Ay + 22+ 0)2k (uy+p_)2k "

2k-3 2k—1 e )2k-3

- A+ Uy +
h Z 2k — 1)2k hz 2k X
Hurh) 2 Bk D G v o G T LR G v

p2k= 1 2k=3 k= 1
Xe——— hZZka 2 sz_l 2k2X
(g pu_)2k+t ( )(/1 +/1 + 0)2k (u,+u_ )2+t k=2( )(2k)

A3k=3 p2k=1

—(A-+6)h
X (A4 + A_ + 0)2+1 (p, +“—)2k+1l} + (A A_pyp_)?et+Ze=(A-16) f e —H+Y X

u+h
a|
Tu)? (u++u_)3] o (F T T ER I )

f -~ R 6, aly,u) [(,u+

u

uh
Ap+A_+6

+(/1+A_‘u+'u_)2e—lt_ze—()L_+9)h je J —/1+uR(9 aly,u) [( o )Zx

+ ]du+

(z-y+—) Ty +
X|z— z—
Y Myt Myt Y
2 u+h

R (Z_y+u++y_)] [(/1++/1_+9)3 G+ A 1071, +/1 Iy

+ ] dudy +

F 3 A2 p, pute H-zg=(A-+0)h

Zuyoo Au B N 2 Aik%ikl
- “MUR(G,aly, Z 2k)2(2k — 1 dud
yjoe uloe ( aly u) k=2( )7 ( )(/1_'_ T+ 9)2k+1(M+ _|_‘u_)2k+1 udz +
0 Aik_3 A%_k—3
h Z 2k(2k — 1 -
Tt )k_z ( ) O ¥ A+ 0 (1, T A1 o)

2k—3 AZk—S

Ay + -+ 0)2K41 (A, + A_ + 0)%k+1

Z(Zk) 2k - 2)

2k-3,,2k—-1
A Uy

Gy + A+ )%y + ot

—hZ(Zk 2)2k

2k-3,,2k-1
A Ky

+”hz R SR P T e
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*© /ﬁk—3 .U-Z|-k 1
+(z — 2k — 1)2k +
=) ;( ) Ay + -+ 0)2k+T (uy + pu_)%*

2k-3 2k-1

N A5 Ky
+(u+h) ) 2k—-1)

Ay + A +0)%% (uy +p )%k

2k-3 2k-1 2k-3 2k-1
Hy Hy

=N 2k — 1)2k G +hz 2% — 2 i +
kZz( T+ 07 oy + T O Gy + i

2k-3 2k-1
A5 My

+uhz
e (Mg + Ao+ 0)2 (uy + p )%

} + 322, p2eH-%Zg=(A-+0)RxX

o)

X fe“—y fe"“”ﬁ(@,aly,u) (z—v) f e~ (Hetp-)g2 %
=z

u=0 92=y-z
y z 22k — 1) AF3 (e g2)™ "
o Ay + A_ 4+ 0)2k+1 (2k — 1)!
N B gz)ZR ' B g™
Tt h>kZ2<2k DX G 0 k=11 T hE(Zk DA T v0F k-1 T
S gz)Zk AN B (g
+uhkz2 Ay +A_ 4+ 0)2k1 2k — Z 2k(2k = 2) Ay +A_ 4+ 6)2k+1 (2k —1)! dga +

2k-3 2k-1 2k
Hy™ G2

(/,L++ﬂ )92 [z Zk(Zk - 1) (A+ + A + 9)2k+1 (Zk - 1)' *

zZ

o e
9g2=y—

o )2k=3 2k—1 2k © J2k-3 2k—1 2k
(u+h)2(2k—1) + Zkll 92 _n + Zk# 92 n
— A +A-+0)% 2k —1)! i A + A +0)%k 2k — 1)!

/12k 3 2k 1g%k ik 3ﬂ2k 1g§k
+“h2(/1 + A +9)2k(2k 1)! ~ 2k - 2)(/1 + -+ )21 (2k — 1)! 492

Further, we perform the following operations:
1) both sides of this integral equation are multiplied by e4-*&n
2) the resulting equation is twice differentiated with respect to h,,
3) both sides of the resulting equation are divided by eA-+&"
4) both sides of the resulting equation are multiplied by e#-Z,
5) the resulting equation is twice differentiated with respect to z,
6) both sides of the resulting equation are divided by e#-=.
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After these operations, we obtain the following partial differential equation:

0*R (6, a|z, h) d3R(6, x|z, h) 'y 93R (6, a|z, h)

+4(A_ + 60)u_

+2(A- + O)u?

0z20h?

T2+ e T g0
0%R(6,a|z, h) X 0%R(0,a|z, h)

N
OR(0,a|z, h) X OR(6,alz,h)
B P

92R(6, a|z, h) .
0z2

+ [22_(A_ + 0) + 6?] x

X u2R(0, |z, k) = (a@ — u_)?(2A_ + 6)e~%2.

Thus, we have proved that the double integral image ﬁ(e,alz,h) of the conditional

distribution of the investigated semi-Markov random walk process is a solution of the fourth-order
Mangeron equation obtained above.

4.

Conclusion

It has been proven in the paper that after the double integral transformation - the Laplace

transform in time and the Laplace-Stieltjes transformation in phase, a function has been obtained
that depends on the variables z and h and on the transformation parameters 6 and a, which satisfies

a certain fourth-order Mangeron equation in the variables z and h with respect to ﬁ(@, alz, h).
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