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1. Introduction

Various necessary optimality conditions such as Pontryagin's maximum principle in various
optimal control problems described by ordinary differential equations are proved in [1-4] and others.
The studies [5-9] and others are devoted to the qualitative theory of optimal control of Goursat-
Darboux systems.

Many processes are also described by various integro-differential and integral equations (see
e.g., [10-14]).

In this paper, we consider one optimal control problem described by a system of two-
dimensional integral equations of the VVolterra type. Analogs of L.S. Pontryagin's maximum principle
[1-3] and the linearized maximum condition [2-4]. In the case of the open control domain, an analogue
of the Euler equation is established.

2. Problem statement

Suppose D = [to, t;] X [xo,x41] is a given rectangle, and (T, X,),i = Lk, (t, <T; < - <
T < ty,xo <Xy <+ <X <xq)aregiven points.
Let it be required to find the minimum value of the multipoint functional
S) = ¢(2(T1, X1), 2(T2, X2), ., 2(Ti, X)), €Y

with the constraints
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u(t,x) e U c R",(t,x) €D, (2)
z(t,x) = f ff(t, x,7,5,2(t,5),u(t,5) )dsdr. (3)

Here, ¢ (a4, ..., a;) is a given continuously differentiable scalar function, U is a given, non-
empty, bounded set, u(t,x) is a r-dimensional measurable and bounded control function, and
f(t, x,t,s,2z,u) is a given n-dimensional vector-function, continuous in the set of variables together
with partial derivatives with respect to z.

Each control function with the above properties will be called an admissible control.

It is assumed that for each given admissible control u(t, x), integral equation (3) has a unique
continuous solution.

The admissible control (u(t, x),z(t, x)), which is the solution to the set problem, will be called
an optimal process.

Let us proceed to the derivation of the necessary optimality conditions in the problem under
investigation.

3. An analogue of L.S. Pontryagin’s maximum principle

Suppose (u(t, x),z(t,x)) is a fixed, and (u(t, x), z(t, x)) arbitrary admissible processes.
If we introduce the notation Au(t, x) = u(t,x) — u(t,x),Az(t,x) = z(t,x) — z(t, x), we get
from (3) that the increment Az(t, x) of the state z(t, x) is a solution to the integral equation

t x
Az(t,x) = f f[f(t, x,1,s,2(1,5),u(t, S)) —f(t, x,1,s,2(1,5),u(t, s))]dsd‘r. (4

to Xo

Suppose Y (t, x) is an as yet arbitrary n-dimensional vector-function.
Multiplying both sides of relation (4) on the left scalarwise by (¢, x), and then integrating
both sides of the resulting relation with respect to D, we get

t1 X1

J ] YP'(t, x)Az(t, x)dxdt =

to Xo

t1 x1 t

- f Jv,b’(t,x) Jfx[f(t,x,r,s,z_(r,s),ﬂ(T,S))—

to Xo to Xo
—f(t,x,7,5,2(7,5),u(z, 5)) | dsdr]dxdt. (5)
Here and in what follows, the prime () means a transposition operation.
Applying the Fubini formula (see, e.g., [6]) to the right-hand side of relation (5), we will have

t1 x1

Jfll)'(t,x)AZ(t,x)dxdt:
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t x[t1 X1
ff ffIP'(T;S)[f(T,S,t,x,Z_(t,x),ﬁ(t,x)) —f(z,s,t,x,z(t, x), u(t, x))| dxdt | dsdz (6)
to xo Lt x
Identity (6) allows us to write down the increment of functional (1) corresponding to the
admissible controls u(t, x) and % (¢, x) in the form
AS(w) = S(@) — Sw) = @(2(Ty, X1), Z2(T3, X2), o, Z(Ty, X)) —
t1 X1
(T X, 2T X, 2T X0) + [ [ w602t 0w -
to X0
t x[t1 X1
—f] fftp’(r,s)[f(r,s,t,x,z'(t,x),ﬁ(t,x)) —f(z,s,t,x,2(t, x), u(t, x) )| dxdt | dsdz (7)
to X0 t x

Using the Taylor formula, we obtain the expansions
(P(Z_(T1,X1),Z_(T2,X2); ---,Z_(Tk,Xk)) - (P(Z(T1,X1),Z(T2,X2). ---;Z(Tk;Xk)) =

k ’
_ Z a(p (Z(Tl,Xl),Z(Tz,Xz), "')Z(Tlek))
B aai

k
Az(T;, X;) + 04 (Z”AZ(TDXL')”); 8
i=1 i=1
where ||a|| is the norm of the vector a = (a4, a5, ..., a,,)" determined from the formula

k
lall = ) el
i=1

and o(a)means that —»>0ata - 0.
Taking into account expansion (8) in formula (7), we obtain that

o(a)

AS(u) z": 00" (2(Ty, X),2(Tp, X5), o, 2(Ti Xi0))

' aa; Az(T;, X;) +
i=1
t1 X1
+J fz,l)'(t,x)Az(t,x)dxdt—
to X0

‘J f If f W' (@ )[f(rs,t,x,2(t,2),0(t,x)) —f (1,5, %, 2(t, x), u(t, ) |dxdt | dsdr +

k
+o, (anmxan) ©

From formula (4), denoting characteristic function of the rectangle [t,, T;] X [xo, X;] by
a;(t, x), we obtain that
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t1 x1

AZ(Ti,Xi) = f f (li(t,X)[f(Ti,Xi,t,x,Z_(t,X),ﬁ(t,X)) —

to Xo
—f(Ti,Xi, t,x,z(t,x),u(t, x))]dxdt. (10)

Taking into account expression (10) for Az(T;, X;) in (9), the formula for representing the
increment of the quality functional is represented in the form

t1 X1
AS(u) = f f a;(t, x)z 09'(2(Ty X,), 2(7(;2:(2) Z(Tk'Xk))
X [f (T Xi, t, %, 2(t, %), 4(t, %)) — £(T1 Xi, t, %, 2(t, ), u(t, x)) | dxdt +
t1 X1
T Y' (¢, x)Az(t, x)dxdt —
[

t x[t1x1

- f j f f V'@ )|f(r,s 6 x,2(t,x),u(t, x)) —f(z,5,t, %, 2(t, x), u(t, x) )| dxdt | dsdz +

K
+0, (Z”AZ(TDXL')”)' (11)
i=1

Let us introduce an analogue of the Pontryagin function for the problem under investigation in
the form

t1 x1

H(t,x,z,u,y) =fflp’(r,s)f(T,S,t,x,z(t,x),u(t,x))dsdr—

k

_ z ai(t, X) a¢I(Z(T11 Xl); Z(ZZCIL.XZ)' e Z(Terk))

f(T;, X, t,x,z,u).
i=1
In this case, the formula for increment (11) of the quality criterion takes the form

t1 x1

AS(u) = — j j [H(t, x,z(t,x), u(t,x), P(t, x)) — H(t, x,z(t, x),u(t,x),P(t, x))]dxdt +

t1 x1

J J W' (t, ©)Az(t, x)dxdt + 0, <Z||AZ(TL,X )||) (12)

Applying the Taylor formula to the difference
H(t) xl Z_) ﬁ) 71[}) - H(tl xl Z! ul lp):
we arrive at the expansion

H(t, x,z(t,x), u(t,x), P(t, x)) — H(t, x,z(t, x),u(t,x), P(t, x)) =
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= Hg(t, x,z(t,x), u(t,x), P(t, x)) + 0, (||Az(t, x)])). (13)

Further, taking into account expansion (13) in (12) and grouping similar terms after some
transformations, we will have

t1 x1 t1 X9
AS(u)=f ft/)'(t,x)Az(t,x)dxdt—f fHg(t,x,z(t,x),u(t,x),t/)(t,x))Az(t,x)dxdt—
ty Xo to Xo

t1 X1
—f J.[H(t,x,z(t,x),ﬂ(t,x),z/)(t,x))—H(t,x,z(t,x),u(t,x),t/;(t,x))]dxdt—

to Xo
t1 x1
—f f[H;(t,x,z(t,x),ﬂ(t,x),lp(t,x))—H;(t,x,z(t,x),u(t,x),I/J(t,x))]AZ(t,x)dxdt+
to Xo
k t1 X1
+o, (Zqum,Xi)n)— | [ oxtiazenaxde. (14)
i=1 to Xo
Assuming that the vector function (¢, x) satisfies the relation
Y(t,x) = Hz(t, x,z(t, x),u(t,x), Y(t, x)). (15)
Then from (14) we obtain that
t1 x1
AS(u) = —] j[H(t,x,z(t,x),ﬂ(t, x), (L, x)) —H(t,x,z(t,x),u(t, x), P(t, x))]dxdt—
to Xo
t1 x1
—] j[H;(t,x,z(t,x),a(t,x),zp(t,x))—Hg(t,x,z(t,x),u(t,x),¢(t,x))]Az(t,x)dxdt+
to Xo
K t1 X1
+o, <Z||Azm,xi)n>— | [ oxtiaze0axde. (16)
i=1 to Xo

Relation (15) is a linear inhomogeneous Volterra integral equation, which, following, e.g., [1-
3], we call the conjugate system for the considered control problem.

The constructed formula for increment (16) makes it possible to establish the necessary
optimality condition.

Proceeding from (4) to the norm and using the triangle rule, after some transformations we
obtain that

|Az(t, x)|| < K, f f”f(t x,7,5,2(1,5),4(t,5)) — (t, %, 7,5,2(z,5), u(x,s)) || dsdr +

to Xo

t x

+J. J.llAz(T,s)IIdsdT,

to Xo
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where K; = const > 0 is some constant.
Applying the Gronwall-Wendorff lemma to the last inequality (see, e.g., [6]), we arrive at the
required estimate:

tl X1
lAz(t, )| < K, f f |f (t1, %1, & x, 2(t, x), u(t, %)) — £(t, %1, t, x, (¢, %), u(t, x))||dxdt,
to Xo
K, = const > 0. (17)

Suppose (6,¢) € [to, t1) X [xo,x1) is an arbitrary regular point (Lebesgue point) (see, e.g.,
[1,6]) of the control u(t,x), v € U is an arbitrary vector, and € > 0 is an arbitrary sufficiently small
number suchthat 8 + € < t;,& + € < x3.

Special increment of the admissible control w(t, x) will be determined from the formula

_(v—u(t,x),(t,x) €D, =[6,0 + &) x[{, &+ ¢),
Aug(t,x) = {o, (t,x) € D\D,. (18)

Denote by Az.(t,x) the special increment of the state z(t,x) corresponding to the special
increment (18) of the control u(t, x).
It follows from estimate (17) that

Az (¢, x)|| < K32, (t,x) € D, (19)

where K; = const > 0 is some constant.
Taking into account (18), (19) from (16), by the mean value theorem, we obtain a special
increment of the quality functional in the form

S(u+Au,) —S(w) =
= —e2[H(6,£,2(8,8), v,1(8,8)) — H(6,£,2(8,8),u(8,8), ¥(6,8))] + 0 (¢2). (20)

By virtue of arbitrariness and sufficient smallness of & > 0, expansion (20) implies the
following statement.
Theorem 1. The optimality of the admissible control u(t, x) requires that the relation

max H(6,§,2(6,8),v,¥(6,)) = H(8,,2(6,§),u(6,$),%(6,9)) (21)

hold for all (0,¢&) € [to, t1) X [xq,X1)-

Relation (21) is an analogue of Pontryagin's maximum condition in the problem under
investigation, being a first-order necessary optimality condition.

Under some additional assumptions, we can obtain a linearized necessary optimality condition.

4. Linearized maximum principle

Suppose the set U is convex, and f(t, x,,s,z,u) is continuousin the totality of variables
together with partial derivatives with respect to (z, u). Then we can write that

H(t,x,z,u,y) —H(t,x,z,u,y) =
= H,(t,x,z,u,P)Az + Hy(t, x, z,u, P)Au + o5 (||Az|| + ||Au]]). (22)

Taking into account the expansion (22), in increment formula (12) and taking into account (15),
we obtain that
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t1 x1
AS(u) = —f fH{l(t,x,z(t,x),u(t,x),1/1(t,x))Au(t,x)dxdt+
to Xo
X t, x1
+o, <Z||Az<n,xi>n)+ | [ ostazon+ isuomdxae.  @3)
=1 to Xo
From (4) it turns out that
t x t x
Izl <k, | [ [Naute)ldsdr+ [ [ 1z 9)lldsd|. (24)
to Xo to Xo

where K, = const > 0 is some constant.
Applying the Gronwall-Wendorff lemma to inequality (24), we obtain the estimate

t1 X4

oz 0l < K || oG s)ldsdr, (25)
to X0
where Ks = const > 0 is some constant.

Assuming that u € [0,1] is an arbitrary number, and v(t,x) € U, (t,x) € D is an arbitrary
admissible control, the special increment of the control w(t, x) will be determined from the formula

Au, (t,x) = ulv(t,x) —u(t,x)], (t,x) € D. (26)

This is possible due to the convexity of the set U.
Suppse Az, (t, x) is a special increment of the state z(t, x), corresponding to special increment
(26) of the control. It follows from estimate (25) that

t1 x1
||Azﬂ(t,x)|| < Ks,uj j l|lv(z,s) —u(z,s)||dsdr. (27)
to Xo
Taking into account (26) and (27) in (23), we obtain that
S(u + Auﬂ) —-S(u) =
t1 x1
= —uj J H{L(t, x,z(t,x), u(t, x),t/)(t,x))(v(t, x) — u(t, x))dxdt. (28)
to Xo

From expansion (28) follows
Theorem 2. If the set U is convex, then the optimality of the admissible control u(t, x) requires
that the inequality

t1 X1

f f H,Q(t, x,z(t, x),u(t,x), P(t, x))(v(t, x) —u(t, x))dxdt <0, (29)

to Xo

hold for all v(t,x) € U, (t,x) € D.
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The proved necessary optimality condition (29) is an analogue of the linearized integral
maximum condition. Using the scheme, e.g., from [15], a pointwise necessary optimality condition
IS proved.

Corollary. If the set U is convex, then the optimality of the admissible control u(t, x) requires
that the condition

I}']lea&( H&(e, E, Z(Q, 'S), v, IIJ(H; f)) = H{L(Q' E! Z(Hr E)r u(H, E)r lp(e' S;)) (30)

hold for all v(8, &) € [tg, t1) X [xg, x1).
Inequality (30) is an analogue of the linearized (integral) [2] maximum principle.

4. An analogue of the Euler equation

Suppose the set U in the problem under investigation is open, and ¢ is an an arbitrary number
sufficiently small in absolute value. Under the assumptions made, the special increment of the
admissible control can be determined from the formula

Au(t,x) = edu(t, x),(t,x) €D, (31)

where Su(t,x) € R",(t,x) € D is an arbitrary measurable and bounded r-dimensional vector-
function (admissible variation of the control u(t, x)).
Taking into account estimate (24), as well as formula (31) in (23), we arrive at the expansion
S(u+edu) —S(u) =

t1 X1

= —eJ jH{L(t,x,z(t,x),u(t,x),¢(t,x))6u(t,x)dxdt+o(e). (32)
to Xo

It follows from expansion (32) that the first variation (in the classical sense) of functional (1)
has the form:

t1 X1

51S(u; 6u) = — f f H;,(t,x, z(t, x), u(t, x), (¢, x) ) u(t, x)dxdt. (33)
to X0
From (33), based on the main result of the classical calculus of variations (see, e.g., [16, 17]) it

follows that if u(t, x) is an optimal control, then for all admissible variations du(t, x) of the control
u(t, x), the following identity takes place:

t1 x1

j f H{l(t,x,z(t,x),u(t,x),v,b(t, x))Su(t,x)dxdt =0. (34)

Identity (34) is an implicit necessary first-order optimality condition. From it, we can obtain
the necessary optimality condition in the form of the Euler equation [16,17].

We have

Theorem 3. If the set U is open, then the optimality of the admissible control w(t, x) requires
that the relation

Hy(6,,2(6,8),u(6,$),9(6,8)) =0 (35)

hold for all (0,¢&) € [to, t1) X [xq, X1)-
Proof. Let us assume the opposite. Suppose there is a point (éf_) € [to, t1] X [x0,x1] and a
numbers (1 < s < n) such as
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Hy, (0,£,2(8,8),u(0,8),9(0.8)) =a 0.

Now the coordinates of the admissible variation su(t,x) = (§uy, Suy, ..., 5u,)" will be
determined as follows:

Su;(t,x) =0,(t,x) € D,i #+ s,
Sus(t,x) = Hy (t,x,z(t, x), u(t, x), P(t, %)), (36)
at(6,x) €[0,0+ &) X [£ & +¢).
Sus(t,x) =0,(t,x) ED\[0,0 + &) X [ £, +¢)

where € > 0 is an arbitrary sufficiently small number.
Then we get that if the variation du(t, x) of the control u(t, x) is determined from formula (36),
then we get that

t1 xq
f fH{L(t,x,z(t,x),u(t,x),t/J(t,x))Su(t,x)dxdt=

to Xo

+eéte

_ f f [aH(t,x,z(t,x),u(t,x),¢(t,x))5u(t,x) 2
6 <

o =e%a? +o0(e?) # 0.

This contradicts the optimality condition (34). We get a contradiction. This proves the theorem.
The author is grateful to Assoc.Prof. R.O. Mastaliyev for useful comments.
5. Conclusion

In the problem under investigation, the multipoint nature of the quality functional complicates
its study. Applying one version of the increment method, by means of the constructed formulas for
increments of the quality criterion under various assumptions, a number of necessary optimality
conditions of a constructive nature have been established.
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