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ABSTRACT
Improving the accuracy of measurement systems with non-linear
conversion function, identification of their conversion
characteristics and test algorithms for measurement error
correction are developed. To ensure the regularity of the
measurement results, part-by-part nonlinear approximation and
differential measurements are applied to the entire measurement
range, optimal test values and hybrid sets are determined, basic
test equations are set up, and a mathematical model of the
conversion characteristics of the measurement system is obtained.
The structures of measurement by tests systems are developed, real
tests are conducted to confirm the adequacy of the algorithm, and
the components of the measurement result error are evaluated.

1. Introduction
The main issue in modern industry is enhancing complex automation and measurement
accuracy of technological parameters to improve the efficiency of technological processes and
production capacity. Modern measurement systems used in this field must have an optimal and
universal structure, intelligent electronic modules, high-precision primary transmitters, efficient
measurement algorithms, perfect primary data processing methods, reliable interface circuits.
It is known that primary measuring instruments cannot maintain the stability of their
metrological characteristics in real operation for known and unknown reasons. At the same time, if
we take into account that their conversion characteristics (CC) are non-linear, then we see that high
measurement accuracy is not ensured, and the measurement results are accompanied by fairly large
value errors [1-3]. These shortcomings are observed in almost all types of measuring instruments,
and for this reason a high-precision identification of their CC is required.
In contrast to the known algorithmic-test methods, differential measurement and hybrid tests
are applied here, the coefficients of the conversion function (CF) are replaced with simple additive
and multiplicative tests. Here, the accuracy of identification of the CF will depend on the accuracy
class of the applied tests, the determined optimal values of simple additive and multiplicative tests
and the choice of their corresponding combinations. The main advantages of the proposed
measurement method are the simultaneous connection of the measurement quantity and the reference
test signals to the inputs of the measuring device, non-linear identification of the CC, determination
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of the largest inflection points, approximation intervals taken in the form of square trinomials,
selection of optimal values of simple tests.
The paper gives several functional diagrams of the differential measurement system,
appropriate hybrid test algorithms to implement the division of the initial information collected from
the measuring instruments into informative and non-informative component, their separate highprecision evaluation.
2. Problem statement – factors affecting the measurement accuracy
Because the input quantities of measurement systems represent a random function of time, they
are subject to additive and multiplicative changes in real operation due to the external environment
and other random impacts. It is important to develop corrective test algorithms to detect, evaluate and
compensate for these impact factors.
All the specified parameters that characterize the input quantity 𝑥(𝑡) change over time and are
characterized by their own frequency spectra, respectively. Reflecting the dynamics of variation of
the quantity 𝑥(𝑡) in time, the frequency spectrum has a sufficient effect to obtain a minimum
measurement error, which in turn determines the measurement method that can be implemented in
the measurement system (MS).
The mathematical dependence between the input and output quantities of the MS is expressed
by a conversion function and is generally represented as follows [3]
⃗⃗⃗, 𝑇
⃗⃗),
𝑦 = 𝐹(𝑥, 𝑞⃗ , 𝑀

(1)

where 𝑞⃗ is the coefficients to be taken into account during the variation of the output signal of the
⃗⃗⃗ is the coefficients to be taken
MS depending on the non-informative parameters of the input signal; 𝑀
into account during the variation of the parameters of the CF of the MS, depending on the change in
⃗⃗ is the coefficients to be taken into account during the
the external environment in real operation; 𝑇
variation of the random variation of the parameters of the CF of the MS.
In general, since the parameters of the real CF of the MS are non-stationary random time
functions, the error of the MS will also be a non-stationary random time function. Then, the
measurement error for an arbitrary MS can be shown as follows:
∆𝑦(𝑡) = ∆̅𝑦(𝑡) + ∆̇𝑦(𝑡),

(2)

where ∆̅𝑦(𝑡) is the non-stationary random function component; ∆̇𝑦(𝑡) is the time invariant,
centralized, ergodic component.
If we note two sought-for intersections of these functions at the time instants 𝑡1 and 𝑡2 , (here
𝑡2 − 𝑡1 = 𝑇 is the time required to implement all additional transformations provided by the
measurement algorithm), then the correlation coefficient 𝑡∆̅ (𝑡2 , 𝑡1 ) of the random quantities ∆̅𝑦(𝑡2 )
and ∆̅𝑦(𝑡1 ) approaches unit, and the correlation coefficient of the random quantities ∆̇𝑦(𝑡2 ) and
∆̇𝑦(𝑡1 ) approaches zero.
Writing ∆𝑦(𝑡) as (2) allows dividing the measurement error into two components depending
on the frequency spectrum:
1) the autocorrelation component ∆̅𝑦(𝑡) of the error ∆𝑦(𝑡), combining random errors that are
systematic, increasing, and gradually changing with respect to the time T;
2) the short-term autocorrelation component ∆̇𝑦(𝑡) of the error ∆𝑦(𝑡) – to the nonautocorrelation component of the error, combining random non-correlated errors of the "white noise"
type.
Subsequent stages in the investigation of the error of the tested MS are carried out on the basis
of the analysis of the measurement results (MR) obtained as a random time function. Therefore,
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correlated and non-correlated random quantities will mean autocorrelated and non-autocorrelated
random quantities of MR errors at given time instants.
It should be noted that the existing methods of increasing the measurement accuracy allow
reducing one of the two components of the above-mentioned MR error. In each case, the effectiveness
of some or other method depends on the ratio of the correlated and non-correlated components of the
MR error.
3. Problem solution – a test algorithm for improving the measurement accuracy
To improve the accuracy of the initial MS, take a look at the mathematical model of their CF.
It is known that the mathematical model of the CF of the MS is generally assumed as follows [3]:
𝑦 = ∑𝑛𝑖=1 𝑎𝑖 𝑥 𝑖−1 , 𝑖 = 1, . . , 𝑛

(3)

Since the effect of the parameters 𝑎𝑖 of the CF in the form of (3) on the measurement accuracy
is the main source of error, it is important to eliminate or compensate for it. To do this, additional
measurements of 𝑛 tests 𝐴𝑖 (𝑥), 𝑖 = 𝑥, … 𝑛 must be carried out in the MS. In this case, a system of
𝑛 + 1 equations is formed in accordance with the 𝑛 + 1 unknowns 𝑥, 𝑎1 , … , 𝑎𝑛 [2]:
𝑦0 = ∑𝑛𝑖=1 𝑎𝑖 𝑥 𝑖−1
𝑦1 = ∑𝑛𝑖=1 𝑎𝑖 [𝐴1 (𝑥)]𝑖−1
𝑦2 = ∑𝑛𝑖=1 𝑎𝑖 [𝐴2 (𝑥)]𝑖−1 ,
…………………………
{ 𝑦𝑛 = ∑𝑛𝑖=1 𝑎𝑖 [𝐴𝑛 (𝑥)]𝑖−1

(4)

where 𝑦0 , … 𝑦n are the output parameters of the MS; 𝑎𝑖 is the coefficients of CF; 𝐴n (𝑥) is the set of
tests together with the input quantity of the OS.
System of equations (4) is a system of linear equations with respect to the parameters 𝑎1 , … , 𝑎𝑛 ,
and the coefficients are found by solving it by Cramer's rule [4, 5]. In the case under investigation,
the measurement process is much more complicated due to the need to perform 𝑛 + 1 measurement
operations and is considered unsatisfactory as it requires too much extra time.
Depending on the nonlinearity of the CF of the initial MS, the number of tests used in the MS,
and their quality ratio, the measurement algorithm will be quite complex for the sought-for quantity
x. At the same time, the combined implementation of additive, multiplicative and hybrid tests
complicates the measurement process. Taking all this into account, it was confirmed that each interval
is selected in the form of square trinomial during part-by-part nonlinear approximation of CF [2, 3].
𝑦 = 𝑎1 + 𝑎2 𝑥 + 𝑎3 𝑥 2 ,
(5)
If we take CF in the form of (5), the number of basic test equations (BTE) used in the tested
measurement process will be minimized.
The adequacy of the identification of CF depends on the use of one or another type of tests, as
well as the obtained accuracy of the additive (𝜃) and multiplicative (𝑘) fixed test complexes that make
them up. In other words, the accuracy of the MR is determined by the accuracy and optimal
combination of tests that form the system of equations applied in the tested MS.
Given the above, we obtain the following system of simple equations from system of equations
(4):
𝑦1 = 𝑎1𝑠 + 𝑎2𝑠 𝑥1 + 𝑎3𝑠 𝑥12
{𝑦2 = 𝑎1𝑠 + 𝑎2𝑠 𝑥2 + 𝑎3𝑠 𝑥22 ,
𝑦3 = 𝑎1𝑠 + 𝑎2𝑠 𝑥3 + 𝑎3𝑠 𝑥32

(6)

where 𝑥1 , 𝑥2 and 𝑥3 are the measured quantities; 𝑦1 , 𝑦2 and 𝑦3 are the output quantities; s=1,...,i are
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the approximation intervals.
The block diagram of the MS implemented with additive tests will look as follows:

Fig. 1. Block diagram of the tested differential MS
Here, ATFB is the additive test formation block; MS1 and MS2 are the respective measurement
systems; CD is the computing device.
In Fig. 1, the measurement process is carried out by simple additive tests in the form 𝑥 ± 𝜃
within a given accuracy limit of the measurement quantity 𝑥, and they express the additive fixed
complexes having the same physical nature as x as follows:
𝑦0 = 𝑎1𝑠 + 𝑎2𝑠 𝑥 + 𝑎3𝑠 𝑥 2
𝑦1 = 𝑎1𝑠 + 𝑎2𝑠 (−𝑥) + 𝑎3𝑠 (−𝑥)2
𝑦2 = 𝑎1𝑠 + 𝑎2𝑠 (𝑥 + 𝜃) + 𝑎3𝑠 (𝑥 + 𝜃)2
2
{𝑦3 = 𝑎1𝑠 − 𝑎2𝑠 (𝑥 + 𝜃) + 𝑎3𝑠 [−(𝑥 + 𝜃)]

(7)

As can be seen from expression (7), the measurement will consist of four cycles: in the first two
cycles, MS1 and MS2 tests 𝑥 and – 𝑥, and in the next two cycles, tests (𝑥 + θ) and −(𝑥 + θ) are
measured. Solving system of test equations (7), we obtain the following expression for the measured
quantity 𝑥:
𝑥 = (𝑦

𝑦0 −𝑦1

2 −𝑦3 )−(𝑦0 −𝑦1 )

θ,

(8)

Thus, (8) represents the CF of the tested MS, and as can be seen from this expression, the
accuracy of the measured quantity 𝑥 depends not on the coefficients of the CF, but on the accuracy
of the applied tests.
Using the optimal combination of multiplicative and combination tests — hybrid tests — in
addition to additive tests for non-linear CF allows obtaining higher measurement accuracy. The
differential measurement diagram of the system based on hybrid tests is given in Fig. 2 below:
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Fig. 2. Block diagram of the MS based on hybrid tests
Here, MTFB is the multiplicative test formation block.
The BTE implemented in this diagram will be as follows:
𝑦0 = 𝑎1𝑠 + 𝑎2𝑠 𝑥 + 𝑎3𝑠 𝑥 2
𝑦1 = 𝑎1𝑠 + 𝑎2𝑠 (𝑥 + 𝜃) + 𝑎3𝑠 (𝑥 + 𝜃)2
𝑦2 = 𝑎1𝑠 + 𝑎2𝑠 𝑘𝑥 + 𝑎3𝑠 (𝑘𝑥)2
2
{𝑦3 = 𝑎1𝑠 + 𝑎2𝑠 (𝑘𝑥 + 𝜃) + 𝑎3𝑠 (𝑘𝑥 + 𝜃)

(9)

As can be seen from expression (9), the measurement will consist of four cycles: in the first
cycle 𝑥, in the second cycle θ, in the third cycle test 𝑘𝑥 and in the fourth cycle test 𝑘𝑥 + 𝜃 are
measured. Solving system of test equations (9), we obtain the following expression for the CF:
𝑦0 = (𝑦1 − 𝑦2 )

[𝑥(𝑘−1)+𝜃](𝑦1 −𝑦2 )
[𝑥(𝑘−1)−𝜃]

+ 𝑦3 ,

(10)

From (10), we obtain the following expression for the measured quantity 𝑥:
(𝑦 +𝑦 )−(𝑦 +𝑦 )

𝜃

𝑥 = (𝑦0 −𝑦1 )+(𝑦2 −𝑦3) ∙ 𝑘−1,
0

1

2

3

(11)

The adequacy of expressions (8) and (11) obtained for the tested MS is determined by the
estimation of the resulting measurement error, with the determination of each component.
Thus, for the implementation of the hybrid-test algorithm for increasing the measurement
accuracy in the initial MS combined measurements of the tests 𝑥 + 𝜃; 𝑘𝑥 and 𝑘𝑥 + 𝜃 are performed
and BTE for the tested MS are compiled based on the optimal combination of these tests. Since
reducing the degrees of these equations determines the approximation step or identification accuracy,
an estimation of the measurement results is presented below.
4. Algorithm for estimating the static measurement error
Since the real current values of the parameters 𝑎1𝑠 in each approximation interval differ from
their nominal values 𝑎1𝑠𝑁 , if we consider this difference as an error, then the results of the cycles of
measurement of the quantities 𝑥, 𝑥 + 𝜃; 𝑘𝑥 and 𝑘𝑥 + 𝜃 will express the errors gaining significant
value, and if we consider these errors in system of equations (9), we obtain the following system of
equations:
𝑦0 + ∆0 = 𝑎1𝑠 + 𝑎2𝑠 𝑥 + 𝑎3𝑠 𝑥 2
𝑦1 + ∆1 = 𝑎1𝑠 + 𝑎2𝑠 (𝑥 + 𝜃) + 𝑎3𝑠 (𝑥 + 𝜃)2
,
𝑦2 + ∆2 = 𝑎1𝑠 + 𝑎2𝑠 𝑘𝑥 + 𝑎3𝑠 (𝑘𝑥)2
2
{𝑦3 + ∆3 = 𝑎1𝑠 + 𝑎2𝑠 (𝑘𝑥 + 𝜃) + 𝑎3𝑠 (𝑘𝑥 + 𝜃)
80
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where ∆0 , … ∆3 are the errors of the measurement cycle received on the outputs of the MS.
Solving system of equations (12), we obtain the following CF for the tested MS:
𝑦0 =

𝑦1 [𝑥(𝑘−1)+𝜃]+∆1 [𝑥(𝑘−1)+𝜃]−𝑦2 [𝑥(𝑘−1)+𝜃]−∆2 [𝑥(𝑘−1)+𝜃]+(𝑦3 +∆3 )[𝑥(𝑘−1)−𝜃]
,
[𝑥(𝑘−1)−𝜃]+∆0 [𝑥(𝑘−1)−𝜃]

(13)

Unlike formula (9), (12) takes into account the errors of the measurement cycles, and their
difference will give the error of the basic test equations of the tested MS:
∆𝐵𝑇𝐸 = [𝑥(𝑘 − 1) + 𝜃](∆1 − ∆2 ) + [𝑥(𝑘 − 1) − 𝜃](∆3 − ∆0 ),

(14)

Since (14) is the expression that determines the final error of the tested MS, if we group the
values of the tests 𝜃 and 𝑘, as well as the values of the errors ∆0 , … ∆3, we obtain a mathematical
model of the error components. Then formula (14) will be as follows:
∆𝐵𝑇𝐸 = 𝜃[(∆1 − ∆2 ) − (∆3 − ∆0 )] + 𝑥(𝑘 − 1)[(∆1 − ∆2 ) + (∆3 − ∆0 )],

(15)

Thus, we obtain the following formula for the absolute error ∆𝑖𝑛 brought to the input of the
tested MS:
∆

𝐵𝑇𝐸
−1 [𝑓
∆𝑖𝑛 = 𝑓𝐵𝑇𝐸
𝐵𝑇𝐸 (𝑥) + ∆Ə𝑇𝑇 ] − 𝑥 = 𝑓 ′ (𝑥),

(16)

𝐵𝑇𝐸

here, 𝑓𝐵𝑇𝐸 (𝑥) = (𝑦3 − 𝑦0 )[𝑥(𝑘 − 1) − 𝜃] + (𝑦2 − 𝑦1 )[𝑥(𝑘 − 1) + 𝜃].
′
Differentiating formula (13) with respect to x , we obtain the following value of 𝑓𝐵𝑇𝐸
(𝑥):
′ (𝑥)
𝑓𝐵𝑇𝐸
= (𝑘 − 1)[(𝑦0 − 𝑦3 ) − (𝑦1 − 𝑦2 )]

(17)

By substituting (15) and (17) in (16), we obtain the following expression for the input error:
∆𝑖𝑛 =

𝜃[(∆1 −∆2 )−(∆3 −∆0 )]+𝑥(𝑘−1)[(∆1 −∆2 )+(∆3 −∆0 )]
,
2𝜃(1−𝑘){𝑎2𝑠𝑁 +𝑎3𝑠𝑁 [𝑥(𝑘+1)+𝜃]}

(18)

As mentioned above, the errors ∆𝑖 of the measurement cycles are the result of a large number
of random factors. Therefore, if the components of the errors ∆𝑖 have the same order in terms of
weight coefficients, then according to the central limit theorem, it is possible to put forward the idea
that the errors ∆𝑖 obey the law of normal distribution [1, 4].
Analyzing expressions (14) and (18), we can note the following main properties of the errors
of MS implemented based on hybrid tests:
1. If the absolute errors  i of the measurement cycles have the same mathematical expectations
as the implementation of the obtained algorithms, then the mathematical expectations of the errors of
the tested MS operating on these algorithms will be zero.
2. If the conditions between the given tests are met and the additive fixed components of the
used tests approach an infinitesimal value, then the absolute error brought to the input of the MS will
be approaching infinity.
This property of the error of the tested MS is derived directly from expression (18).
Thus, it can be concluded that the main properties of the errors of the tested MS, in which the
algorithms for increasing the measurement accuracy based on simple additive and multiplicative tests
are implemented, are justified for the MS operating on the basis of an optimal combination of additive,
multiplicative and combination tests.
For the variances of the errors of the tested MS in which the developed algorithms are
implemented, the following estimates are obtained accordingly, if the errors of the measurement
cycles are independent:
𝜎∆2𝐵𝑇𝐸 = 𝜎∆20 [𝑥(𝑘 − 1) − 𝜃]2 + 𝜎∆21 [𝑥(𝑘 − 1) + 𝜃]2 + 𝜎∆22 [𝑥(𝑘 − 1) + 𝜃]2 + 𝜎∆23 [𝑥(𝑘 − 1) − 𝜃]2 (19)

𝜎∆2̇ 𝐵𝑇𝐸Ə𝑇𝑇 = (𝜎∆20 +𝜎∆23 )(𝑧 − 𝜃)2 + (𝜎∆23 +𝜎∆22 )(𝑧 + 𝜃)2 + 4𝑧 2 (𝜎∆21 +𝜎∆24 ),
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where 𝜎∆21 is the the standard deviation of the measurement error in the corresponding cycles; 𝑧 =
𝑥(𝑘 − 1) -dir.
As can be seen from expressions (19) and (20), the variance of the error ∆𝐵𝑇𝐸 of the BTE of the
MS, in which the test algorithm for increasing the measurement accuracy is implemented, is stronger
than the variance of single-cycle measurement.
The implementation of the hyperbolic CF and the error estimation can be carried out in a similar
way, and in this case the methodology for analyzing the errors of the MR remains unchanged.
This study of the metrological characteristics of the tested MS shows that the following
components are the most affected by the MR error of such systems:
 error component caused by the implementation of fixed components of additive and
multiplicative tests;
 uncorrelated component of the static error of MS;
 component of the dynamic error of MS;
 error component caused by the inadequacy of the accepted mathematical model of the real
CF of the initial MS.
It should be noted that it is possible to organize measurement operations in the same order by
increasing the degree of approximation polynomial. However, our numerous studies have shown that
it is probably sufficient to take this approximating curve in the form of a quadratic trinomial. Thus,
there is no need to take into account these terms, as the coefficients of cubic and subsequent degree
terms are very small (close to zero).
The results of differential measurements and statistical evaluation of real tests performed using
the developed test algorithms are presented in the table below.
Table 1
Sapfir-22DD differential pressure sensor, No 54
X, atm
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

Y, mV
2000.000
2838.000
3651.000
4430.000
5216.000
6007.000
6800.000
7600.000
8403.000
9205.000
10008.000

𝑌, mV
2028.545
2825.709
3622.872
4420.036
5217.200
6014.364
6811.528
7608.691
8405.854
9203.020
10000.182

∆, mV
28.545
–12.292
–28.128
–9.964
1.200
7.364
11.528
8.691
2.854
–1.981
–7.817

The coefficients of the CF of the “Sapphire-22DD” differential measuring device using the
measurements tested in Table 1 are determined as 𝑎1 = .202854Е+04; 𝑎2 = .797164Е+04; 𝑎3 =
.000000Е+00; 𝑎4 = .000000Е+00. As we see, the coefficients of the third and fourth terms of the
polynomial are zero, and it is experimentally confirmed that the CC is taken as a square trinomial.
D = .243735E + 03 is the variance of the measurement result; F = .112206E + 01 is the value
of the function F in the estimation of the coefficients of the polynomial.
5. Conclusion
The proposed differential measurement method and the developed hybrid test algorithm surpass
the known methods with their simplicity, easy application and high measurement accuracy. Thus, the
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nonlinear identification of CF in the MS is carried out by simple additive, multiplicative tests and
their combination, there is no need to determine the parameters (coefficients) of CF, the adequacy of
measurement results depends on the accuracy class of the selected tests and the approximation step
of CC and is carried out in the form of a square trinomial.
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