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1. Introduction

Queues with Heterogeneous Servers (QHS) are common in the modeling of computer and
telecommunication networks, because it is necessary to use heterogeneous computers (servers) in
the process of their expansion. Apart from computer and telecommunication networks, different
speed servers are found in call centers with multiple operators who have different qualifications, as
well as in production systems, where the process of servicing jobs involves not machines, but
humans.

In [1], devoted to the study of QHS models, a Markovian infinite-queue system is studied, in
which one of the free servers is assigned to service jobs of equal probability (this scheme is called
randomized access). An analysis of the available literature has shown that the vast majority of
studies investigate QHS models, which adopt randomized access schemes [1-3] and ordered access
schemes [4-8]. An overview of these studies can be found in [9, 10].

Important problems in QHS are determining the optimal access strategies and selecting the
optimal server switching schemes depending on the current state of the system. In order to optimize
QHS, the FSF (Fast Server First) access scheme is often used, i.e., the server that has the highest
speed among the free servers is always selected for servicing at the moment a job arrives. This is
because the probability of loss in the M/M/k/k system has a minimum value when using the FSF
access scheme [11]. However, the FSF access scheme is not always optimal or even suboptimal for
QHS with queues. For instance, it is proved in [12] that for QHS with unlimited queueing, the N-
policy is optimal for minimizing the average number of jobs in the system. In accordance with this
policy, in two server QHSs, the fast server always runs if there is at least one job in the system, and
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the slow server is only started when the queue length reaches a certain (threshold) value N.

Note that a generalization of the classical N-policy was introduced in [13], i.e., a randomized
N-policy for the slow server switching on was defined. According to this policy, the slow server
turns on with a certain probability and remains idle with an additional probability. The study
proposed a numerical method to find the stationary probabilities of states of the system, also
calculating the characteristics of a system with unlimited and limited size of the buffer of waiting
jobs.

In this study, we propose a QHS model with an alternative randomized N-policy, i.e., here, in
contrast to [13], it is assumed that the slow server is always on, and the fast server turns on with a
certain probability when the queue length reaches a value N, and with an additional probability it
remains idle. The use of this scheme is relevant in systems where the startup of the fast server
involves heavy economic (technical or technological) losses.

2. Method for calculating the state probabilities and characteristics of the systems under
study

We consider a QHS with an unlimited queue that contains two servers: a fast server (F-server)
and a slow server (S-server). The following assumptions are made here.

(i) The system receives a Poisson flow of identical jobs at a rate A, and this value does not
depend on the state of the servers;

(i) The service times of both servers are random variables with exponential d.f.; the average
service times of F-server and S-server are uz! and ug? respectively, with uz > us.

(iii) The S-server is always on, and the F-server can turn on only when the queue length is not
less than a certain threshold value N,0 < N < o. In this case, the scheme of F-server switching on
and off is defined as follows. If at the time a job arrives, the queue length is at least N, then the F-
server turns on with probability «,0 < a < 1 and one job from the queue is selected for service in
that server; with additional probability 1 — « it remains idle. When the F-server finishes serving a
job, it selects one job from the queue if the queue length at that moment is greater than the value of
N; otherwise, the F-server goes into hibernation mode.

(iv) In a limited-queue system, an incoming job is lost with probability one if at that moment
the buffer is full and the F-server is on; if at that moment the buffer is full and the F-server is off,
then either the F-server turns on with probability a or the incoming job is lost with additional
probability 1 — a.

The task is to find the joint distribution of the number of jobs in the system and the F-server
status, and to develop methods to calculate its characteristics.

3. Method for calculating the state probabilities and characteristics of the systems under
study

Let us first consider a QHS model with unlimited queueing. The state of this system at an
arbitrary time instant is determined by a two-dimensional vector (n, k), where n is the number of
jobs in the system, k is the state of the F-server, i.e., k =0, if the F-server is off, and k =1
otherwise. Then the system operation is described by a two-dimensional Markov chain (MC) with
the following state space:

E=E,VE,, 1)

where E, = {(n,k):n=0,1,2,...},k = 0,1
The elements of the generating matrix of this MC are denoted by q((n k), (n’,k")), i.e.,
q((n, k), (n', k")) denotes the rate of the transition from the state (n, k) to the state (n’, k).
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Fig. 1. The graph of transitions between states of the system
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Based on the described mechanism of the system, we conclude that these quantities are
determined as follows (see Fig. 1):
case (n,0) € Ey:

Aifn<N,n'=n+1,k' =0,

. Al —a),ifn=N,n"=n+1,k' =0,
q((n,O),(n,k))= ( Aa)ifnZNn'znk’— )

Us, ifn>0,n"=n—-1,k' =0;
case (n,1) € E;:
Aifn' =n+1,k' =1,
yp,if0<7’lSN,n’=n,k,= ) (3)
Ur + Us, ifn >N,n' =n—-1,k' =1,
Us,ifn < N,n'=n—-1,k' = 1.

q((n, 1), (', k)) =

We denote the stationary probability of the state (n, k) € E by p(n, k). The condition for the
existence of the stationary mode is 1 < up + us.

The characteristics of this QHS model are the average number of jobs in the system (L), the
average dwell time of a job in the system (Ws) and the rate of switching of the F-server (RF).

The average number of jobs in the system is determined as the mathematical expectation of
the corresponding random variable, i.e.,

Ls = Yn1nYk=op (0, k) 4)
The average dwell time of jobs in the system is calculated using Little's formula:

WS = %LS . (5)

Since the F-server turns on with probability «, then if at the time a job arrives, the number of
jobs in the system is not less than the value N, then the rate of switching of the F-server is
calculated as follows:

RF = Aa Z?lo=N p (n, 0) . (6)

To find the stationary probabilities of states p(n, k), the method of generating functions can be
used. However, as shown in [13], its use is associated with certain methodological and technical
difficulties because of the complex structure of the generating matrix of the MC under
investigation. Therefore, the approximate method developed in [13] is used to solve the problem
under consideration.

For the correct application of this method in the system under study, we assume that o« « 1 —
a, i.e., a « 0.5. Since the speed of the F-server is greater than the speed of the S-server, when the
condition a « 0.5 is satisfied, the system under study remains in the states from classes E, and E,
for a long time, i.e., transitions between these classes occur rarely (see Fig. 1).

Based on this fact, all states within each class E, are combined into one lumped state (k), and
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thus the set of lumped states 2 = {(k): k = 0,1} is determined.
The approximate values of the probabilities of states p(n, k), (n, k) € E of the original model
are determined as

p(n, k) = p (M) ((k)), (7)
where p,(n) is the probability of the state (n, k) within a split model with the state space Ej, and
n((k)) is the probability of the lumped state (k) € Q.

From relations (2) we conclude that if the condition vg < (1 — a)™1, where vg = 1/, IS
satisfied, the probabilities of states of the split model with the state space E, are as follows:

v¥pe(0),if0<n <N,

(1—a)™((1 - a)vs)"po(0),ifn > N, ®

po(n) = {

N -1
where p,(0) is determined from the normalization condition, i.e., p,(0) = (Zﬁ;& vi + - (:Saf)v )
—\= S

If the condition vgs < a is fulfilled, where vgg :ﬁ, then from (3) we obtain that the
F S
probabilities of states of the split model with the state space E; are found as follows:
v$p1(0),if0 <n <N,

prln) = {(V—S)N VisPo(0),ifn > N, ©)

VFs

N _1
where p,(0) is determined from the normalization condition, i.e., p,(0) = ( N-lyny IS ) .

1-Vfrs

Uniting the inequalities v¢ < (1 — a)~! and He=Hs e find the following necessary condition
under which the proposed method can be correctly applied to the model under study:

A <max{us + pup, (1 — a)pus} . (10)

Suppose that g, (k), (k') € 2 denotes the rate of transition from the lumped state (k) into the
lumped state (k’). The specified transition rates are calculated as follows:

qo1 = Aa Xp=n po (N) = Aa (1 — XnZ0 Po (n)); 10 = Hr Xn=op1 () . (11)
Therefore, from relations (11) we have
m((0) = = m((1)) = 1~ n({0)) . (12)

Thus, if ergodicity condition (10) is satisfied, taking into account relations (7)-(9) and (12),
approximate values of state probabilities are calculated. After standard transformations the
approximate value of the average number of jobs in the system is determined:

Ls = Th-om({(k)) Zitzy npie(n) = m((0))po(0) (N1 nvl + (1 = @) ™6 ((1 — )vs) ) +

N-1 Vs N (13)
+7T((1))P1(0)< n=invg + (V_) G(VF5)>
FS
where (x) = —XN(IZ:SVZ_D)
The approximate value of the F-server’s rate of swtiching is calculated as follows:
RS ~ Aan({0)) =y po(n) = 2am({0))(1 — 7= po (). (14)

Note that the method of balance equations can also be used to calculate the probabilities of
states and characteristics of the QHS model with a limited buffer size. At the same time, the
approximate method described above can be used for this purpose.

For example, suppose that the total capacity of the system is M, where M > N (i.e., the buffer
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size is M — 1). When using the approximate method, in the second line of formulas (8) and (9) the

upper bound of the parameter n (infinity) is replaced by a finite value Xt.. The formulas for finding
the values of p, (0), k = 0,1 are changed accordingly, i.e., we have:

_ -1
po(®) = (Tho ¥ + (1= @™ T pa (L= %)) 5 p1(0) = (Sheo 8 + (22) Ty vls) - (15)

Taking into account formulas (15), the rates of transitions between lumped states are
calculated using formulas (11), and the probabilities of the states themselves are calculated from
formulas (12). Further, from formula (4) and (6) we conclude that in this model QHS the
approximate values of the system characteristics are calculated as follows:

Ls = Y=o m({k)) 211 npr(n); RS = Aam({0)) Xrp po(n).

Here we have a new characteristic, the probability of job loss (PB). The exact value of this
quantity is determined as follows:

PB=(1—-a)p(M,0)+p(M,1).
The average dwell time of jobs in this system is calculated as follows:
__r
A(1—-PB) *
From (7) we conclude that the approximate value of this quantity is determined as follows:
PB =~ (1 — a)po(M)7({0)) + p1 (M)m((1)).

Ws

4. Numerical results

Here we study the relationships between the characteristics of the system and the values of the
threshold parameter N and the probability of the fast server's switching on and conduct a
comparative analysis of two schemes: the slow server's switching on [13] and the fast server's
switching on, which is proposed in this study. We also solve the problems of finding the optimal
value of the threshold parameter N and conduct a comparative analysis of the results of optimization
problems for the above two server switching schemes.
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c)

Fig. 2. Characteristics of a limited buffer system vs. parameter N

Fig. 2 shows the relationship between the characteristics of the system with a limited buffer
and the threshold parameter N for different values of the probability of the fast server switching on.
The values of initial parameters of the system are chosen as follows: A = 30, uy = 55,us = 40,M =
10. From these graphs we conclude that the probability of job loss (PB) increases with the increase
in the value of the threshold parameter N (see Fig. 2, a). This is to be expected, because as the value
of the parameter N grows, the length of the job queue increases, i.e., the probability that the buffer
will be completely filled increases; at the same time, this characteristic decreases as the value of the
probability of the fast server switching on increases. Average dwell time of jobs in the system (W5)
also grows with the growth of the value of the threshold parameter N (see Fig. 2, b), because the job
queue length increases with it; here this characteristic decreases as the probability of the fast server
switching on increases, because the rate of servicing grows with it. As expected, with the growth of
the threshold parameter N the rate of switching of the F-server decreases (see Fig. 2, ¢), and with
the growth of the probability of the fast server switching on this characteristic decreases, as at the
same time the probability of the F-server switching on decreases.

We have investigated similar dependences for the system with an unlimited buffer for the
same values of the load parameters of the system. Note that the behavior of the characteristics Ws
and RF completely coincides with the curves shown in Fig. 2, b and Fig. 2, c. At the same time, the
values of the characteristic Ws remain almost unchanged, and the values of the characteristic RF for
the model with an unlimited buffer are almost 2 times smaller than for the model with a limited
buffer.

We now consider comparisons of the system characteristics for different server switching
schemes. As mentioned in the introduction, in QHS with unlimited queueing, the optimal policy for
minimizing the average number of jobs in the system is that the fast server always runs if there is at
least one job in the system, and the slow server only turns on when the queue length reaches the
threshold value.
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Fig. 3. Characteristics of a limited buffer system vs. parameter N for different server switching
schemes

Here, for brevity, we present only the corresponding graphs for the system with a limited
buffer, see Fig. 3, where it is assumed that A = 30, ur = 55, us = 40, = 0.6. In these graphs, pol=s
corresponds to a policy where the fast server is always on, and pol=f indicates results for a policy
where the slow server is always on. On the ordinate axis, RS (Rate of Switching) refers to the
server's rate of switching. As can be seen from these graphs, for a system with a limited buffer, the
policy where the fast server is always on and the slow server is always on/off depending on the
length of the job queue is also the optimal in all three characteristics. We can notice that the server's
rate of switching is higher with the policy described in this article. This is because when the
majority of jobs are handled by the slow server, the queue grows faster and the chance that it will
reach threshold N is higher than if the fast server were on.

In addition to the operational characteristics, we have also studied the behavior of Total Cost

(TC) in the system, associated with the dwell of jobs in the system, their losses, as well as the
switching on and operation of servers in various schemes.

Total penalty costs for both schemes are determined as follows:

TC = c,W, + Ac;PB + c,, t({1)) + c,RX, (16)

where ¢, is the penalty cost per unit time of one job dwell in the system; c; is the penalty cost for the
loss of one job; ¢, IS penalty cost per unit time of X-server’s operation; c, is the penalty cost of
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one-time switching on of x-server, x € {F, S}.

We studied models with an unlimited and a limited buffer. For the model with an unlimited
buffer, it is assumed in formula (16) that PB=0.
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Fig. 4. TC vs. parameter N

For the sake of brevity, Fig. 4 shows results only for a limited-buffer model, where it is

assumed that ¢, = 1,¢; = 1,¢o, = 2,¢, = 2.5.

From Fig. 4 we conclude that the TC function is monotonically decreasing with respect to the

parameter N; the policy in which the fast server is always running and the slow server switches
on/off depending on the job queue length is optimal here as well.

5. Conclusion

In this study, we propose a randomized N-policy for the switching on of the fast server,

according to which when the queue length reaches the value N, the fast server either switches on
with a certain probability, or remains idle with an additional probability. An ergodicity condition for
a model with an unlimited buffer size has been obtained. An approximate method for calculating the

probability distribution of states and characteristics of the system under study has been developed,
and the problem of optimization of a limited-queue system has been solved.
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