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1. Introduction

The beginning of development of fractional integro-differential calculus dates back about
three hundred years to the discussions of G. de L'Hopital and G. Leibniz, and it is believed that the
first step in fractional calculus was taken by L. Euler in 1738 [1]. He noticed that the results of
calculating an integer derivative of a power function also made sense for a non-integer one. Then L.
Laplace, J. Fourier, and others carried out studies in this area.

The study of linear ordinary differential equations with fractional operators largely began to
develop more extensively with [1, 2].

Various optimal control problems for fractional dynamical systems are investigated in [3-5].

It is known that the representation of the solution of systems of linear differential equations
corresponding to the systems of equations describing these processes plays an essential role in the
investigation of various optimal control problems. Thus, the found representation of the solution of
linear differential equations is used both in the problems of optimal control of linear systems and in
the study of special cases in the problems of optimal control of nonlinear systems (see, e.g., [6, 7],
etc.).

Various researchers have obtained representations of solutions of various differential
equations with fractional derivatives by different methods. For instance, an initial problem for a
fractional linear ordinary differential equation with Riemann-Liouville derivatives is investigated in
[8]. Here the problem in question is reduced to an integral equation, and an explicit representation
of the solution in terms of the Wright function is constructed. As a corollary of these results,
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necessary and sufficient conditions for the solvability of the Cauchy problem are obtained.

In [9] the Cauchy problem for linear systems of fractional ordinary differential equations with
constant matrix coefficients is investigated and an analytical formula for its solution is obtained. It
is shown that when the fractional order equals unity, the results obtained in that paper match the
classical results.

In [10] for an ordinary differential equation with a fractional discretely distributed
differentiation operator the initial problem is investigated, an explicit solution of the problem is
found and the theorem of existence and uniqueness of the obtained solution is proved.

In [11] inhomogeneous linear systems of differential equations with classical Riemann-
Liouville fractional derivatives as well as with regularized fractional Caputo derivatives are
examined. Using the Laplace transform, the solutions of such systems are represented as analogues
of the Cauchy formula for arbitrary measurable and bounded time functions in the right-hand side.

In the proposed study we investigate one linear inhomogeneous Cauchy problem for systems
of fractional ordinary differential equations with Caputo derivatives. In contrast to previously
known works, the representation of a solution is obtained using an analogue of the Cauchy matrix
by the method presented in [12].

2. Some auxiliary facts
Definition 1. [1, 13-15] Suppose that f(-) is a locally integrable function on the interval

[a,b]. When t € [a,b] and a > 0, the left and right fractional Riemann-Liouville integrals are
defined, respectively, by the relations

t
« 1 f(@)
i f(6) = @) f —oie dt, a €R,
and ‘

b
@prpy L f(@©
ey () _F(a)tf(r—t)l—a dt, a €R,,

where I' (-) is Euler's gamma function (see, e.g. [1]).

Definition 2. Suppose that f (-) is an absolutely continuous function on the interval [a, b].
For t € [a,b] and a > 0 the left and right fractional Riemann-Liouville integrals are defined,
respectively, as

: (d>"t [ dr,

DO( _dn Ia —
atf(t)—ﬁ(atf(t))—m& = pitan

and

a — d\" a _ 1 dy\" : f(T)
Dp f () = (— E) (d5f @) = m(— E) mdﬁ

a
wheren € N issuchthatn — 1 < a < n,and I'" () is the same as in Definition 1.
Definition 3. [13-15] Suppose that f (-) € C"[a, b]. For t €[a, b] and a > 0 the left and right
fractional Caputo derivatives, respectively, are defined as
£ ()

CDEF(E) = —— _dr,
r'n—a)) (t—1)ltten

and
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f™@

(n—a) J (r —t)tte—n

wheren € Nissuchthatn—1 <a < n.

In this article we deal with the left fractional Caputo derivative.

We say that x(-) € AC a([a, b], X), if there exists ¢(-) € Loo([a, b], X) such that x(t) =
x(a) + (odf@)(t), ¢t € [a,b].

Theorem 1. [1, 13-15] (Fractional integration by parts.) Suppose that 0 < a < 1,f(:)Is a
differentiable function on the interval [a, b] and g(-) € L1([a, b]). Then the following formula for

fractional integration by parts applies
b

Dyf() = T dr,

b
[ swiver@ac = [ r@DEg@de + Ligg@F O,

and

b b
[ s@ingr@de = [ FOaDEg(Ode - [Ifg@F @2

3. Problem statement

Consider a linear equation system of the following type:

SDEx(t) = A()x(t) + £ (1), €y
with the initial condition

x(to) = xo - (2)

Here 0 < a <1, A(t) is specified (nxn)-dimensional continuous matrix function, t, is
specified start time, x, is specified initial state, f(t) is specified n-dimensional continuous vector
function, x(t) is desired n-dimensional vector function, x(t) € C™([to, t]).

It is required to find the representation of the column vector x(t) that satisfies Cauchy
problem (1)-(2).

The function x: [t,,t;] = R™ is called a solution of the Cauchy problem (1), (2), if the
inclusion x(-) € ACa (to,t1],R™) is satisfied, initial condition (2) is satisfied, and differential
equation (1) is satisfied for almost everyt € [t,, t1].

4. Representation of the solution
Suppose that F(t,7) is an as yet unknown (n x n) — dimensional matrix function. By

multiplying both sides of equation (1) by it, and integrating the resulting relation over = from ¢, to
t, we obtain

f F(t,7)$DEx(7) dt = f F(t,0)A(t)x(r) dt + f F(t,t)f(7)dr. 3

Using the formula of partial integration (see, e.g., [15]), we have
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t t
f F(t, ) Dfx(T)dt = f DEF(t, D)x(v)dt + 1L *F(, ‘L')x(ﬂc)|§0 =
to tO

t

_ f DEF(t, (D)t + JECF (8, Ox(E) — JLCF (t, to)x(ty).
to
Then formula (3) can be written as follows:
t

f £, DEF (8, Dx(D)dT + (J{ 7 F (8, )x(t) — 17 F (L, to)x(to) =

fo t t
- j F(t, D)AT)x(r) dr + f F(t,)f (7) dr. 0
Suppose the matrix fltjonction F(t,7) isthe soluft(ion of the matrix equation
t,DEF(t,7) = F(t, 7)A(7), (5
e, “F(t,t) = E, (6)

where E is a unit matrix. It is assumed that the matrix function satisfies those smoothness
conditions that are necessary for further discussion.
Hence, we arrive at the relation

t
X)) = JE P () + [ FEDf @ )

Thus, the following statement is proved.

Theorem 2. The solution x(t) of a system of fractional linear ordinary differential equations
with Caputo derivatives (1) allows a representation in the form (7).

Here F(t,t) is the solution of linear matrix equations (5) and (6) and is the fundamental
matrix for problem (1), (2).

As noted in the introduction, the obtained result will be used in the investigation of optimal
control problems described by systems of fractional differential equations.

5. Conclusion

The article investigates one linear Cauchy problem for systems of fractional ordinary
differential equations with left-hand fractional Caputo derivatives. Using the Cauchy matrix, a
representation of the solution of the problem in the explicit integral form is obtained.
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