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1. Introduction

In [1-4] etc., a number of multistage optimal control problems described in different time
intervals by different equations are investigated.

Such optimal control problems are also called variable-structure optimal control problems (see
e.g. [1-6]).

In this study, one problem of optimal control of a variable-structure object described in different
domains by hyperbolic integro-differential equations and Volterra integral equations is considered.

An analogue of L.S. Pontryagin's maximum principle is established.

2. Problem statement

Suppose that D; = [t;_q,t;] X [x9,x,],i = 1,2 are specified rectangles, with t, <t; <
tz;XO <X1 < Xy

Suppose that the controlled process in the domain D = D; U D, is described by the boundary
problem

62 t, t rx
07z, (t,x) - J fi(t,x,7,5,2,(z,8),us (1, 5))dsdr, (¢, x) € Dy, (1)
t

Jtdx

0YXo
z1(to, x) = a(x),x € [xq,x1],

z1(t,x9) = b(t),t € [to, t4] (2)
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and the system of two-dimensional Volterra integral equations

Z,(t,x) = f xfz(t, x,7,5,22(T, 5), Uy (1, 5))dsdt + G(21(t1, %)), (t, x) € Dy, (3)

i1 7xo

Here, f;(t, x,1,s,2;,u;),i = 1,2 are specified n-dimensional vector functions continuous in the
set of variables with partial derivatives in z;,i = 1,2, a(x) and b(t) are specified n-dimensional
absolutely continuous vector functions, G (z,) is specified n-dimensional continuously differentiable
vector function, U; © R",U, < RY are specified non-empty and bounded sets, u (¢, x)(u,(t, x)) is
a r(q)-dimensional is a measurable and bounded vector function of control actions, satisfying the
constraint

u,(t,x) € U; c R",(t,x) € D,. (4)

u,(t,x) € U, € R9,(t,x) € D,. (5)
We shall call the pair (u1 (t,x), u,(t, x)) with the above properties an admissible control.
Suppose that a unique, absolutely continuous solution z; (t, x) of boundary value problem (1)-
(2) and a unique continuous solution z,(t, x) of integral equation (3) correspond to each given
admissible control (uy (¢, x), u, (t, x)).
On the solutions of problem (1)-(3) given by all possible admissible controls
(uy (£, x), u, (¢, x)), we shall determine the terminal functional

J(ug, up) = ¢4 (Z1 (tpx)) + @2 (Zz (tz,x))- (6)
where ¢;(z;),i = 1,2 are specified continuously differentiable scalar functions.
The problem is to find the minimum value of terminal functional (6) under constraints (1)-(5).
The admissible control (ul(t, x), U, (t, x)) that satisfies a minimum value to functional (6) shall
be called the optimal control, and the corresponding process (ul(t, x), U, (t, x),z,(t, x), z, (¢, x))
shall be called the optimal process.

The aim of the study is to derive a necessary optimality condition of the Pontryagin maximum
principle type in the problem under consideration.

3. The formula for the increment of the quality functional

Suppose that (ul (tl X), Uy (tl X), Zl(tt X), Zz(t, x)) and (al(ti x) = ul(tr x) + Aul(tr X),
i,(t,x) = u,(t, x) + Au,(t,x), z,(t, x) = z,(t,x) + Az, (t, x), Z,(t, x) = z,(t,x) + Az, (t, x)) are
some admissible processes. It is clear then that (4z,(t, x),Az,(t, x)) will be the solution of the
problem

2 t rx
d Aaztla(;’X) - Lo Lo[fl(t'xf 1,5,%(7,5),0,(7,5)) = f1(t,%,7,5,2,(7, ), uy (7, 5)) |dsdz,  (7)
Az (to,x) = 0,
Az, (t, xo) = 0. (8)
Azy(t,x) = ftfx[fz(t, X,T,5,2,(1,8),4,(1,9)) — f2(t,%,7, 5, 2,(x, 5), uy (x, 5)) |dsdr +
B +G(21(ty, %)) = G(2:(t1, %)), 9)

and the increment of functional (6) has the form
J (g, tp) — J(ug, up) = [(P1(Z_1(t1'x)) - ‘P1(21(t1'x))] + [‘Pz(z_z(tz'x)) - <P2(Zz(t2:x))]- (10)
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Suppose that y;(t, x),i = 1,2 are as yet unknown vector functions.
From identities (7) and (9), we have that
f fl(t x,1,s,2(1,5),u(t, s)) —

fttlf bt 2421(t x)d dt = fttlf P63 Ut(, xo

—fi(t, %, 7,5, 2(7, 5), u(x, s)) |dsdr|dxdt, (11)

2
f f Y, (t,x) Az, (t, x)dxdt =
t1

[ o]

1

f (8. %,7, 5,2, (1, 5), (T, 5)) —

—fz(t X,7,8,25(1,5), Uy (1, 5) ) | dsdrdxdt +
[
f o' (62 [6 (21 (61, ) — G (21 (b1, 0)) | dxcdt, (12)

From formula (11), given boundary conditions (8) and applying the Fubini formula (see e.g.,
[7]), we have that

tq / X1 !
Y1 (t, x1)Az, (1, %) — f wﬁh(h' x)dt — j wﬂﬁ (t, x)dx +
t1 X1 02 t, °
f f lg;g ) Az, (t,x)dxdt =

N 1 1¢1'<r, (5.5 60,7160, 2 (1,2)
0 t x

—f1 (‘L’, s, t,x,z,(t, x), u, (¢, x))]dsdr] dxdt. (13)
And from identity (12) by introducing the notation

M, (t, %), z1) = P, (t,x)G(21)

and applying the Fubini formula, we have that

tz X1
f Y, (t,x) Az, (t, x)dxdt =
t

1 “Xo

tz rx1 t rx1
= j j l] j dJZI(t: X)[fz('l', s, t,x, Z_Z(tr X)'az(t: X)) -
—sz(r s, t,x,z,(t,x),u,(t, x))]dsdr]dxdt +
f 2 f M2 (600, 7100, 0) = Mo (620,226, 0) dxde, (14

From the formula for mcrement (10) of the quality functional, using the Taylor formula, we obtain
6401(21@1,951)) afpé(zz(thxﬂ)

J (g, tp) — J(ug, up) = Azy(ty,x1) + Azy(t, %) +

0z, 0z,
+01 (1421 (1, x| + 02 (11425 (t1, x) D). (15)
Here and further ||a|| means the norm of the vector a = (ay, a5, ..., a,)’ determined by the formula
llall = Xizqla;l, o(a) is a quantity of a higher order than «, i.e., ( ) — 0 at a—0, and the dash (') is

a scalar product operation for vectors, and a transpose operation for matrices.
Given identity (9) we can write that
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_ 093 (22(t1, %))

G(pé(zz(tl,xl)) 42, (ty, %;) =
’ 0z,

0z,

’ JX1[f2(t2,x1, t,x, Z,(t, %), Uz (¢, x)) —

t, Jxo
<P2( 2(t1, 1))

Z3

[G(21(t1,x1)) — G(2z1(t1,%1))]-

_f2 (tZJ X1t X,2Z; (t; X), Uy (t, X))]dth

We introduce the notation

N(z,) = aﬁ”é(zg(tpxﬂ) 6(z),
27
t1 rx1
Hy (%, 21(t, %), uy (8, %), 4 (¢, %)) = f f V.'(T, ) fi(t, s, 6 %, 2,(t, %), uy (8, x) ) dsd,
t X
Hy (%, 2,(t, %), up (£, %), P2 (£, x)) = — agoz(z(;ilzfl,xl)) fo (b2, 20,8, %, 2, (8, ), u, (8, %)) +

ty rx1
+j j lpz’(T,S)fz(T,S,t,x,Zz(t,x),uz(t,x))dsdl._
t X
Using the Taylor formula, we obtain that
ON'(z,(ty, %)
( PP )Azl%xl) +os(llzy (b, x)I),  (16)
1

M(‘l)z (t,x), Z,(tq, x)) - M(lpz(t: x), z1 (t1, x)) = aM’(lPZ(t‘axz)l’ AL x)) Azy(ty,x1) +

+04(¢ ;|21 (81, 1. (17)
Taking into account the introduced notations and formulas (13), (14), (16), (17), increment (15)
of the functional is represented in the form

29 ty,
J(iq,1,) — J(uq,uy) = L (Z(,l)ill xl)) Azy(ty,x1) + P1(ty, x1) Az1 (g, x1) —

gy (¢, X1 99! (t, f1 r¥192
]t Wt x) X)Azl(tl,x)dt— j —lpl;ixl)Azl(t x1)dx + f f Il , Az, (t, x)dxdt +

N(Z_l(tl'xl)) - N(Zl(tlyxl)) =

ot  otdx

0 X0

6N (zl(tl, xl))
074

Az, (t, x) dxdt +

Az (t1,%1) — ’ fxl oM’ (¥ (¢, x)rzl(t1,x))

0z,

tz X1
+ f f lpz’(t. X)AZZ(t, X) dxdt —
tl X0

tjx[Hl(t, x,Z(t, x), u(t,x), Y, (t, x)) — H (t, x, z(t, x), u(t, x), P, (t, x)) | dxdt —

'[to Xo

Jtz jX1[H2(t X, Z5(t, x), 1, (t, x), P, (t, x)) Hz(t X, Z5(t, x), u, (t, x), P, (t, x))]dxdt +
0114z, (£, x) D) + Otz(”i\Zz(thﬂ”) + 03(|lz1 (1, )1 —
- [ otz 0l dxe (18)

1

Taking into account the smoothness conditions imposed on the Hamilton-Pontryagin functions
H; (t x, z; (t, x),u; (t, x), Y; (¢, x)) i=1,2inz;,i= 1,2, after some manipulations we obtain that

Hi(t, x,z;(t,x),u;(t,x), Y, (¢, x)) — Hi(t, x,z;(t,x),u; (t, x), P; (¢, x)) =
= Hi(t' X, Zl'(t' X), ai(t' X), l)[)i (t’ X)) - Hi(tf X, Zi(t' X), ai (t' X)), dji(t' X)) +
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aH "(¢,x, z; (£, %), w; (¢, x), i (¢, )) Azt + laHi(t, x,z;(t, %), W (¢, x), P; (£, %)) _
0z; 0z;
_ OH;(t, x, z;(t, x), u; (¢, %), P; (£, x)) ’

Azi(t,x) + 0p44 (142, (¢, 0|, i = 1,2.

aZi
Given this formula in increment formula (18), we will have

o dp1(z1(t1, x1)
J (g, wty) — J(ug, uy) = 1( ('liz - ) z1(ty, 1) + lpl(tl xl)AZ1(t1,x1) —
1
AT SEUACED
_.];0 %Azl(tlfx)dt _LO la—xIAZ1(t, xq)dx +
t1 X1 azlpi (t, x) aN’(Zl(tl’ xl))
" -fto fxo WAZl (t, x)dxdt + 9z, Az (t1,%1) —

xlaM, t;x ) t ,x tz X1

(d)Z( 62) Zl( ! )) AZ1(t1,X) dxdt + f f lljzl(t, X)AZZ (t’ x) dxdt —

t X 1

tll x10
_ f f (Hy (6, %, 24 (6, %), i (6 %), 1 (6 5)) — Hy (%, 24 (6, ), wa (6, %), 1 (6, ) dxedt —
to

ft1 fxl OH,'(t, x, 2, (¢, x), uy (£, x), Y4 (¢, x)) 7, (t, x) dxdt —
i 0z, e
t1 *1[aH, (¢, x, z;(t, %), 1 (¢, ), ¥4 (¢, x))
f I dz;
~ aHl(t, x,71 (6, %), u (6,2, 1 (6,%)) | Az, (t, x)dxdt —
1L

0z,

—f zf 1[H2(t X, Z,(t, x), 1, (t, x), Y, (t, x)) — Hz(t, X, Z,(t, x), u, (t, x), Y, (t, x))]dxdt —
t Xo

1

f 2 f"l OH,'(t,x,2,(t, X;Zuz(t X, a2t X)) Az,(t, x) dxdt —
. 2
tZJxl 6H2(t X, Z5(t, x), 1, (t, x), P, (t, x))
522

B 0H, (t, X, Z5(t, x), uy (t, x), P, (t, x))
aZZ

0114z (t1, x) D) + 02 (1425 (1, x)DID) + 03z, (t1, x)D) — J ZJ 04(t ;|21 (1, X)) dxdt —

l Az, (t, x)dxdt —

f 2 f 05 (1121 &, D)II) dxdt — f 2 f 06(llz: &, DI dxdt. (19)

Suppose that the vector function y;(t, x),i = 0, p satisfy the relations
9% (t, x) aHl(t x, z1 (£, %), uy (t, x), Y1 (¢, x))
dtox 9z,
alpl(tr xl) —
ot '

(20)
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alpl(tli X) - _ aM(II)Z(tr X), Al (tli X))

0x 0z, (21)

. a‘Pl(Zl (t1, x1)) aN(Z1(t1' x1))
P1(ty, 1) = — 9z, - iz, ) (22)
(6 x) = OH,(t,x, z,(t, xé,:zz (£, %), (¢, %)) . 23)

Relations (20)-(21) are a linear boundary value problem for 1, (t, x), and relation (23) is a
linear integral equation with respect to ¥, (t, x).

Following the classical terminology, we shall call them conjugate systems.

If relations (20)-(23) are fulfilled, increment formula (19) will take the form

2t e
@) = Ja) == " [ | [t 20600, 040620, 916 20) =

i-1“Xo

—Hl-(t, x,z;(t, x), u; (t, x), ¥; (¢, x))]dxdt —
_zzzfti fxl laHi(t, x, z;(t, %), 4; (¢, x), P (£, %)) _
t

i=1 ~ti-1"Xo azi

B 0H, (t, x,z1(t, x),uq (t, x), P41 (¢, x)) ’
0z,

Az;(t, x)dxdt —

t2

2 1
+ 3 0zt x)ID + o lzaCeu D = | [ ouleslla (60l dde
i=1 X

t1 0

—i ft ; | " oras(lz e, I dx. (24)
i=1 "t “Xo

Suppose that Au, (t, x) = 0. Then from relations (7)-(10) we obtain that

t rx
Az, (t,x) = filt,x,t,s,2,(1,5),1,(7,5)) — fi(t, x, 7,5, 2, (1, 5),uy (1, 5) )|dsdt, (25)
[ [ 1€ )il )

to X0
t rx

AZZ(t! x) = j ] [fZ(tl xXTS, Z_2(T, S)I 112(1', S)) - fZ(tl xXT,S, ZZ(TI S), uZ(Tr S))]deT +
tz X0

+G(Z_1 (tq, X1)) - G(Z1 (ty, x1)) (26)
Assuming that Au, (t, x) = 0, then from (7)-(9) and (10) we obtain that

AZl(t, x) == O,
t

Az,(t,x) = fx[fz (t, X,T,S,2Z,(1,8),u,(T, s)) - fz(t, X,T,S,2Z5(1,8),u,(t, s))]dsdr. (27)

t, Yxo
From formula (25), applying the Gronwall-Wendorff lemma (see, e.g., [8]), after some
manipulations we obtain the estimate

|4z, (t, x)|| < L, ftt Jxx U: Lx”fl(t,x, T1,s,2(1,5),u(T, s)) —

—fl(t, x,1,s,z(1,5),u(t, s)) ||dxdt]dsdr, (28)

where L, = const > 0 is a constant.
From relation (26), applying the Gronwall-Wendorff lemma, we arrive at the estimate

14z, (t, )|l < Loz, (¢, )], (¢, x) € D, (29)
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(L, = const > 0 is a constant).

And from formula (27) we similarly obtain the estimate
t

14z, (t, x)|| < L3f x||f1(t, x,7,5,2(7,5),4(7,5)) — f(t,x,7,5,2(z,5),u(z,5))||dsdr.  (30)

t]_ X0
(L3 = const > 0 is a constant).

4. Necessary optimality condition

Suppose that Au, (t,x) = 0. Then it follows from increment formula (24) that
tl X1
J (g, up) — J(ug, up) = j j H1(t x, 21 (£, %), 41 (t, x), P1 (¢, x)) -
to

—Hy(t, %, 2,(t, %), uy (£, ), P4 (¢, x))]dxdt -
ftl fxl OH,'(t,x, z1(t, %), uy (£, %), P4 (¢, x))
to

0z,

ty J‘xl I@Hl(t X, Zl(t x), u1(t x), 1!’1@ X))

0z,

Az (t, x) dxdt —

_ aHl(t, x,21(t, %), U (8, %), 1 (&, x))l Az (t, x)dxdt +
1L

0z,

ty rx1

+01(14z; (t1, x) D) + 021|425 (1, x)D + 03(llz1 (£, x| — j 04(t;lz1 (£, 2)]) dxdt —
ty rx1 0

| ostlin e 0l dxat 31)

jt § ] 0521 (&, ) 1) dxdt — f x

Suppose that (6,¢) € [to, t1) X [xo, x1) is an arbitrary Lebesgue point of the control u, (¢, x),
v; € Uy is an arbitrary vector, and € > 0 is an arbitrary sufficiently small number such that 6 + ¢ <
t;and & + & < x5.

The special increment of the control function u, (¢, x) will be determined from the formula

vy —u(t,x), (t,x) €[6,0 +¢) X [§,E+¢), 32)
0,(t,x) € D;\[0,0 + &) X [§,&E + ¢).

Given this formula and estimates (26), (29) from increment formula (31) we get the validity of
the expansion

Auq(t,x;¢€) ={

](ul(tﬁ .X') + Aul(tﬁx;‘g)'uZ(tﬂ X)) _](ul(tﬂ x),uz(t, X)) =
= _52[H1(9: §,21(0,8),v,, 9, (6, f)) - H1(9">;' z1(6,8),u,(6,8),,(6, f))] +o(e?). (33)

Suppose now that Au, (t, x) = 0, and the special increment of the control function u, (¢t, x) will
be determined from the formula

v, —Uy(t, %), (t,x) €[6,0 +p) X [£,¢ + ),
0,(t,x) € D\[0,6 +p) X [£,§ + w).

Here, v, € U, is an arbitrary vector, (6,¢) € [t,,t;) X [xo, x1) is an arbitrary Lebesgue point
of the control u,(t, x), and u > 0 is an arbitrary sufficiently small number such that 6 + u < t, and
E+u<x.

Given estimate (30) and formula (34) from increment formula (24) of the quality functional,
we will have

Au,(t,x;e) = { (34)

](ul (t, X), U (t, X) + Auz (t' x; ‘Ll)) _](ul (t' X), Us (t, X)) =
o7
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= _‘u2 [Hl (91 E; Zy (91 E)’ U2, lpZ (9’ E)) - HZ (91 S;l Zy (9, S;)l uZ(el E); l/)2(9, 5))] + 0(.“2)- (35)

From expansions (33) and (35) it follows that the following statement is true.
Theorem. The optimality of the admissible control (u,(¢,x),u,(t,x)) requires that the
condition of the maximum

,ngﬁHl(e'f' 71(0,8),v1,¥1(6,8)) = H1(6,¢,21(6,£),u1(0,$),¥1(6,%)),
ZlEaUJgHZ(QJ f' ZZ(H' E)'UZf 1/’2(9' 5;)) = HZ(Qr S;' 22(9: 'S)'uZ(H' E)r lpz(g' f))

should be true for all (8, &) € [ty, t1) X [xg,x1) and (6,&) € [t1,t5) X [xg, X1), respectively.
The proved theorem is an analogue of the Pontryagin maximum principle for the problem under
investigation.

5. Conclusion

This study considers one problem of optimal control of a variable structure with distributed
parameters described by a set of hyperbolic integro-differential equations and Volterra integral
equations.

Applying one variant of the method of increments, an analogue of the Pontryagin maximum
principle is proved.
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